ENU 6052 - RADTATION TRANSPORT BASICS & APPLICATIONS

INTRODUCTION

Statistical Nature of Matter

Typical macroscopic descriptions of physical phenomena are

N{t) = Noe_At

i.e., the population of radioactive nucleil remaining at time t, and

I(x) = Ioe“zx

i.e., the intensity of a monovelocity particle beam reamining uncollided to

a penetration x in an interactive medium. There are several conceptual diffi-
culties inherent in these results. To resolve some of them, and provide an
introduction to the material of these lectures; consider the radiocactivity
problem in more detail.

"As good as new' postulate:

The probability that a radionuclide decays in the time period t to t + At
is AAt where A is a comstant which depends on the nuclear specie. Note that
At must be "small," i.e., Mt << 1 and that the probability is t~independent.
The quantity of interest, in studying the detailed meaning of the N(t} ex~
pression, is Qi(At;tQ = probabilityttﬁat ﬁfhuciei“decgﬁi;ﬁ #%quﬁt +jAt pro-
viding that there are % nuclei present at tﬁ;;Ngtg_thgﬁ £qﬁ'g@é;;:A;,{Fh%.L;

"as good as new" postulate for each nucleus imPlias"that Qi(ﬁ\t,t}

Binomial distribution:
bi(g) = probability that m entities (out of 2)333perigngéfgﬁggvéntﬁifF:j o
£ is the probability that each experience the event, |

2 A -
b2 &) = oyt A9



and has the properties

2
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b I_omb(E) = 4E

5 % 2};,ja £) = R + : e
. I b (5) = 2 + 4(2°1) §
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Poisson distribution and normal distribution:
For € << 1 and £ >> 1,

m —4E
bie) ¥ plep = LBLe

m!

which is the Poisson probability distribution. An alternative approximation
is the normal distribution which is defined for the continuous variable u,
i.e.,

discrete m -+ continuous y,

exp L1125 72 %]

2
p. (&) =
H T O

where o? = RE(1-2). pi(&) is a continuous probabllity distribution in the
sense that

pi(g)du = probability that y in the range y to U + dU entities out of &

experience the event,



Example comparison of bi(g), pi(g) and QS(E). L =10 £ = 0.4
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Radicactivity relations:

Qﬁ(ﬂt) = bi(kﬂt) for AE << 1.

Consider No radionucleil present at t = 0 and define

probability that j nucleil have not decayed by time t.

Yo
N(E) = §g0 ij(t) = "expected" (i.e., average) number of nuclei which

P, (t)

have not decayed by t. Question - What temporal relation does N(tf) satisfy?
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Solution - For small At,

o : _ . j+m (At)
- LRy (e 4 Ae) = B3R (00,
52 % % ' £ g
il ?ﬁ(t) nio Qu(AE)- %Pg(t) o L (At)

L
L o =
But, =0 Qm(At} 1 and

4 ) _ L 2 _
m§0 QO(At) = méo mbm(AAt) = QAAL

whence,
N(t + 4E) - N(L) = -AN(£)At
N(t + At) -~ N(&) - AN(E)

At

and from the limit as At->0,

dN(t)

de = TA(E)

with solution N{(t) = Noeukt

In the familiar radioactivity relationm, N(t) actually means the statis-
tical average result obtained with many measurements commencing with identical
initial conditions.

Particle transport problem:

- ; i
’;/ [
—_—— s ot
P
—_ {7 o
‘s L
B “ —-—-—-—)--: [
b
- '
zZ, —— | Z(x)
. 3
i sy e ‘_;” [ 1
e . et _: i
’ i
- P S
S o
& 3 1
N [
" [
O X x¥+A4x



1-6

Consider a beam of monovelocity particles perpendicularly incident on a
half-space of targets of uniform density. For each particle, the probability
that the first interaction with a target occurs between x and x + Ax is x-
independent and, if Ax is small enough, is given by IAx. If Q:;'(Ax) = proba-
bility that m particles have firsgt interaction in x to x + x with £ uninter-

acted particles at x, then Q'Q'(Ax} = bg'(EAx). And 1f I(x) = LjP,(x), then
1] m B S|

dI(x)
dx

= ~FI(x) implies I(x) = Ioe—zx.

Coordinate Transformations

Vector X means (xl’XZ""’xn)’ e.g., location on a line x means x,
Cartesian location on a plane x means (%,y), Cartesian location in configura-
tion x means (X,y,z). A vector x can be expressed in alternate coordinates,

i.e., x can be represented by

(xl’XZ’ cas ,xn) or (ul,uz, . ..,un) R

e.g., location on a plane.

4 A =1 (x,7)
(%, y/
ar 6= 8 (x, Y)
r (‘,—_} 6/
and if angle limits are set to
. yield one~to~-cne transformation
ToXx

x=x (r,® vy =y (r,8)

Differential element d'x means dxldxzde.. .dxn, e.g., line dlx means
dx, Cartesian plane dzx means dxdy, polar plane dzx means drdf, spherical
polar configuration d3x means drd®d¢. The function f(x) means f(xl,xz,...xn)

the funct .
and 1f the function is itself a vector, £(x) means [fl(xl...xn), vor £ (xpeee% )]
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Density Functions:

f(x) will often represent the density of some physical property in the
space of x.
Examples are

1. Mass density along a line, i.e., £(x) such that the mass between x=a
and x=b (a<bh) is given by fb fx)dx.

2. Particle density :n configuration, i.e., f{(x,y,z) such that the number
of particles in volume V is given by 4 £(x,v,2)dxdydz.

3. Particle kinetic energy spectrum, i.e., £(E) such that the number of

particles with kinetic energy between E. and E, (E

( = -
1 5 Ez) is given by

1

Ep
72 £(®)dE.
Ey

Transformation of coordinates:
One~dimensional case -
Let u = u(x) be a one-to-one transformation (x*u) with inverse x=x{(u)
describing transformation (u»x), and £(x) be a density function such that
F o= fb f(x)dx has some physical significance. Problem - To express F as an
a

integral over u rather than x and thereby deduce the form of the density

function in u-space.

i

Solution ~ x = x(u) implies dx =-%§ du

and

(b) dx
o= u fix(uw)] =~ d
u(i) du

However, it is customary to choose integral limits such that

(lower limit) < (upper limit).

Moreover, 1f u(x) is one-to-one, then it is monotonic. Whence,

F= ™Y fxw)] l—g—’i du
min u u
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and conclude that

g = £lx(w] ||

is the density function in u-space such that F = f g(u) du, e.g., E = %mv2

(v 2 0) and £(v) represent particle speed spectrum.

v
F= 2 f(v) dv = number of particles with speed in range vy to Voo

Vi
The corresponding particle kinetic energy spectrum is given by

s = £ (B [

and

E, )
F o= i g(E)dE, E, = v
1

An explanation of the varying form of spectrum (density function) is aided

by noting that equal intervals of v are transformed into unequal intervals of

E as illustrated.

Vot o

T

FAZB N

/6

~E




1-9

Thus, for example, it is expected that a constant density (spectrum) in
speed space implies an energy spectrum which decreases with increasing E,

Two-dimensional case -

Let u = u{x,y¥), v = v(X,y) be a one-to-one transformation (X,y) - (u,v)

with inverse x = x(u,v), v = vy{u,v), i.e., (u,v) > (x,¥).

i
fl

ff £(x, Y) dxdy

R

Ji;f £lx(u,v), y(u,v)] [J(%:%)fdudv

b
]

where the Jacobian of the transformation is defined by

2% 3x
%y, _ [3u ov
TGV “x_éz’

o gv

The density function in (u,v) - space Iis

glu,v) = £[x(u,v), Y(U:V)]IJ(‘E“’%)I
e.g.,

r cos ©

"
L]

r 8in §

e
]

Gk

¥



Thus, g(r,8) = £(rcosd, rsinf) r

It

1l
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ff g(r, 8} drd®, or equivalently,
R

*® *

ff f(rcosb, rsin8) r drd6
R L™ - _I | — ~ J—

*Note that the indicated grouping of factors is not in the spirit of ex-—

pressing density functions and differential elements in (r,6) - space.

the grouping implies merely a change of

tion ff £(x,y) dxdy, and
R

n—dimensional case -

Let x = x(u) have inverse u = u(X).

F= [ £(x)d%% = [ g(wd®u
R R
where
.o
glw) = £lx@] | I
gul 3u2 3un
X X
J=) = 2
A
1
x ax
z B
EE; - - - - Bu
n

Rather,

coordinates for performing the integra-

r dr d6 is an area differential of the
type dxdy, i.e., in (x,¥) - space, not

{r,8) - space.
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Particle Density Distributions

Configuration-space density:

Consider N particles labelled oo = 1, 2, ..., N, The configuration of
these particles in 3-space is completely specified by the set of 3N numbers
{z(x)s o =1, 2, ..., NL

There are at least two reasons why such a dynamic state description is
unrealistic -

1. N of interest is often larger than 1020.

2. Particle interactions are thought to be actually statistical in
nature (quantum mechanics) and thus a precise specification is of
questionable relevance.

Thus, there is motivation for developing the ideas of describing particles

by statistical distributions and their moments (e.g., averages). TFor example,

the one-dimensional particle configuration

L G a4

¢ b @ @ X
x(r) x{2) x(3/ (¥ x5/ x(&) xr7/

is presumably unpredictable (i.e., with given initial conditions, identical
experiments yield different results at time of measurement). Instead of
gspecifying the set {x(a)} a particle density function is developed and defined

in a probabilistic fashion.
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For example, suppose the following is obtained in 5 measurements,
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With respect to this set of measurements, define
P, (x,Ax) = probability of finding j particles in Ax at x.

3

If there are many more than 5 measurements performed, then often

lim P (x,4x) = 5,
Ax 0 4

and the limit is approached smoothly such that

N(x) = 1lim 1 ZiP(x,4%)
bx +0 Ax 53

has a clear meaning,

b o
f ¥(x)dx = N(a<x<b) = "expected" (or, average) number of particles
&
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found in the interval a S x £ b over many identical performances of the experi-~
ment. Generalizing to n-dimensional configuration space (n=l, a line; n=2,
a surface; n=3, a volume). N(r) is so defined such that
Iv@d® = NE®)
R
i.e., the expected number of particles in region R.
Transformation of configuration density:
Let r' = r'(x) be a one~to one transformation with inverse r = r(r').
Then,

N (R) =fN(1:_)dnr = [ N'(z")d
F R
where
I
N'(2") = Nz@E'D|IG]

Note that N' represents the particle demsity function in x' - coordinates
and is usuvally a different function of its wariables than N is of its vari-
ables.

For example, consider the 3-space transformation from Cartesian coor-—

dinates (x,y,2z) to spherical polar coordinates (r,8,d).

&
A x = rsinfcos¢
p F l y = rsinfsing
: z = rcosh
- j — y 0£6sm
™~ l 0Z¢ 2w

3 Xy ¥o2y 2 8
(r:8,¢) r sin
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N'(r,0,9) = N(rsinBcos¢, rsinbsind, rcose)rzsine where N'(r,0,¢) is the
particle density in spherical polar coordinates, and N{x,y,z) is the particle

density in Cartesian coordinates.

Moments of the configuration density:

Zeroth-order moments -

Restricting attention to the usual 3~space density N(r) with r = (rl,rz,IB),

define the zercth-order moments as
N = [/ NGy ,ry,rg) drdr,dr,
Nl(rl) = ff N(rl,rz,rz)drzdr3
and similar definitions for
Nl(rz) and Nl(r3), and
Nz(rl,rz) = f N(rl,rz,rB)dr3

and similar definitions for NZ(rZ’rB) and NZ(rBrl)' Note that 1if a region
(limits) are unspecified on an integral, then the usual meaning (in these notes)
1s to cover the entire relevant space of the variable. For example, the

Cartesian 3—~space zeroth~order particle densities are

40 4oo oo
N =_£ HL _L N(x,y,z)dxdydz

and represents the total number of particles (everywhere).
40 4oo
Nl(z) = im !a,N(x,y,z)dxdy

and represents the particle density per illustrated relevant volume element
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ooy
NZ(Y;Z) = -j-.oo N(x,y,z)dx

and represents the particle density per illustrated relevant volume element.

Az i \\\
U e
Yy >y
X

As another example, consider spherical polar 3-space and designate the particle

density in spherical polar coordinates as N'(r,0,¢).
N= 7" 2N (x,0,0) drdBdd
0 0 0
and, again represents the total number of particles.
me2T
N = [ [T N(R,0,9) dody
0 ¢

'ana”fepresents the particle density per illustrated spherical shell volume ele-

ment.



Note that if the Cartesian 3-space density is a constant, i.e.,

N(x,y,z) = C, then

N'(r,0,9) = Crzsine

and

wo2m
N () = o’ [ [ sinbadas
0 0

dnrTC

1t

Higher~order moments -
Recall the one-dimensional example of particles distributed along the
x~axis. A particular measurement yields {x(a), a=1, ..., N} and the

familiar definition of the average value of displacement x is

; N
=N agl x(e)

1-16

For the equivalent particle expected distribution, N(x)dx = number of parti-

¢les in dx about x and

1 +oo .
<x> = N £m xN(x)dx
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Generalizing (in one-dimension),

40
f g{x)N(x)dx

-—C0

2

<g(x)> =

where g(x) is any meaningful description of the particle location.

Generalizing to nmdimensions,
<g@»> = 3 [g@N@dr
and, 1f g is a vector quantity itself,
g@> = [g@N(d
Examples -
1. Let g(r) = r in 3-space and use spherical polar coordinates.

<r> = é. [T 2" (x, 8, ¢) drdede
0 0

or, in terms of the Cartesian density N(x,y,z)

g T - 27
<r> = %‘ [ ] IN(x, ¥, 2) 7" 5inBdrd8dd
¢ 0 0
or, equivalently
o0 G oo
<r>= %— I [ (x2 + y2 + 22);5 N(x,y,z)dxdydz
O s O

2. Let g(r) = r and use spherical polar coordinates

<=2 [7 T TN (z,0,9)drd0ds
¢ 0 i

An "isotropic" distribution is defined by N = N(r). For an isotropic
distribution <x> = 0 but <r> = 0 only if all particles are at the origin of

coordinates.
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Configuration-velocity space density:

For each particle (labeled @) r(o) = za(t) and v(&) = ga(t) are the
particle trajectory relations and, thus, r(®) is a function of v(a). In
order to describe the expected distribution of particles in both configuration
(location) and welocity (energy and direction-of-travel), consider the 6-

dimensional (r, v} ~ space where r = (r tos r3) describes location and v

l!

= (vl,vz,v3) describes velocity. Note that in this abstract space r and v

are considered as independent variables. The particle density n(x,v,t) is

defined such that % [ u(x,v,t) d3rd3v = the expected particle population
V.

row
in configuration volume Vr with velocities in the range of volume Vv in v-space.

~

An alternative particle distribution description is in terms of r, E and {! where
E is the particle kinetic energy and G unit vector im the direction-of~travel,

. 2 & ¥ . .
i.e., E=%mv" and Q = S Where m is the particle mass. The particle density

n(E;E,Q,t) is then defined such that
E Pad
[ [? n@Edod e
v B ¥

is the expected particle population in configuration volume V with energy in

the internal E1 to E2 and with direction-of-travel in the golid angle W, at

time t.
Examples of 6~dimensional coordinate systems -

1. ({(z,v) - space, Cartesian in both ¥ and v.

i
j

dr, oty At

I

~¥
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7
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3?1 %

o

A
2. (_;_,E,ﬁ) - space, Cartesian in r and spherical polar infl,
ity)
z £
)
r | «F |
X T i
}
1

a’yd/d’-’?

Transformation of (r,v) coordinates:

= v'(r,v) be 2 one~to~one transformation with in-
vir ,v ). Then n' (E’ 32‘913) = n{E(E' s_‘l‘)a E(z' sxl)st]

LA
]‘J(W)[ A usual special case is the simpler transformation = r' (r),
v =

r!
=31

v'(¥). Then n'(z',v';t)=nlz(x"), v@",tl |IG|] 3
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Moments of n(r,v,t):

i

N(z,t) = fn(gﬁz)t)d3v number density in configuration space.

]

N(v,t) = fn(zﬁg,t)dBr averaged velocity spectrum.

N(t) = ffn(gly,t)dsrdBV = total particle population.

1

ﬁf?“;?‘fg(zlg,t)n(glg,t)d3v are v-space moments (or averages) of
St ]

glr,t) =

relevant physical quantities g.

d3 3

1
rd"v are (r,v)-space moments (or averages)

<ZP (t) = N(t) ffg(ﬁ:lf_,t)

over total particle populations.

Delta Functions

Discrete index delta function:

Gmn has previously been defined in these lectures as

5 . 41 if mmn
mn 0 if m#n
where m and n are integers and are thus a discrete set. An important feature

of Gmn is the collapse of summations to a single term, i.e.,

L AS = A
i nmn m

Note that if the set of terms {An} is arbitrary, then this collapsing property
leads directly to the definition and can therefore be itself considered a
definition.

Dirac delta function::

The Dirac delta function plays the same role with continuous variables
that dmn plays with a discrete index. In one~dimension, 8(x~a) is defined

by the relation:



1-21

X

X

2 :
[ 8(x~a)E(x)dx = {f(a) iy cagn

1 0 if a<x1 or a>x2

which implies that §(x~a) can be considered as the limit of an "ordinary"

function F(x,a) with the properties

+oo
1. f F(x,a)dx = 1

—o
2, In the limit, F(x,a) = 0 everywhere in ¥ except near x = a where

it must be highly peaked.

In n-dimensional space, §(x-a) is defined by

_ n_ _ fQ&) if‘g_in R
£5(§.§)f(§)d x = {O if a is not in R

For example, in Cartesian 3-space, the definition is satisfied if

8(r-a) = $(x~ax)6(y—ay)6(z-az)

Dirac delta functions are density distributions and thus transform as such,

i.e., if u = u(x) with inverse x = x(u), then

il

§' @b = §law-al| Q)|

Interaction Rate Densities

Binary interaction description:
Consider a beam of monovelocity particles perpendicularly incident on a

"thin" slab of stationary targets. Let

I = particles beam intensity (in em™2 secml)
N = target demsity (in cm_3)
X = target slab thickness (in cm)
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¥

X

Expect that the i-type particle-~target interaction rate is proportional to
NXI

and define the "microscopic cross section” for an i-type binary interaction

by
Interaction rate of

type i per em” of thel = OiN X1
target slab

Let Fi -~ i-type interaction rate density (in cm_3 sec—l). For the slab experi~

ment,

-1 o
%."X miNXI) A%I

Cross section and flux:
For the slab experiment, the "macroscopic cross section" is defined by

Nv. For

3

Zi = Noi (in cm-l). Note that for a monovelocity particle beam, I

Nv (in em™2

i

the case of monoenergetic particles, define the particle flux by &
secml) and the interaction rate density expression is generalized to

- -3 -1
Fi = Ei¢ cm " sec

for a monoenergetic (but, not necessarily monodirectional) particle distribution

in a field of stationary targets.
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Cross section energy-dependence:

F; = NUiNy for the slab experiment. Consider varying v and also varying
N ~ % such that Nv is v-independent. N is certainly v-~independent. Usually
find that F, o= Fi(v)‘implies o, = Gi(v), i.e., the "interaction area" varies
with the particle approach speed.

Example - neutron-nucleus resonance interaction

GE(V)

The case of moving targets:

Consider a particle with velocity v which interacts with a target with

velocity V.

Precollision conditions.
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In many cases, find that oA depends only on the "relative approach speed"

v - Thiee.,

o; =o; (x-3¥D

Consider the i-type interaction rate density of a particle distribution n(v)

with a target distribution N(v). Define fi(zby) by

fi(g,i) dBVdBV = j-type interaction rate density of particles in dav

at v with targets in d3v at V.

£ () dva’y

o.(lv - ¥hly - vl wway
In these terms

v, =[] £ (myaday

£, = [ o, (v-¥D) |v-Ya@N @ aPvady

Average macroscopic parameters:
Average cross section and integral flux -
It is often useful weefwt to define the integral particle flux by

3 = [ = N
and, to then express the i-type interaction rate density by

Fi = Zi®

The averaging process for the cross section has thereby been designated as

[ odv-D ]y - ¥In@Nw aPva’y

t / vn(_\z:)dsv

Examples -
1. Case of stationary targets, i.e., N(g} = Nﬁ(ﬂ) where N is the total

. target demsity (dn cmfs).
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— N o, mwm@ady

f vn(g)d3v

va, {v)
oyt

v

Case of stationary targets and monoenergetic particles, i.e.,
n(v) = nz(ﬁDé(V“Vo) where nz(ﬁb iz the particle direction-of~travel
distribution.

Zi = Nﬁi(vo)

Case of stationary targets and a classical equilibrium distribution

of particles, i.e.,

n(v) = Néigif)Blz exp{‘mvz/ZkT]
— 35 o b

= :2(%11;);5 RT?

E: } vci(v)

+ KT 2

C 1 . .
Case of a Socross section, i.e.,

_ C
UI(IX - y_l) - i..Y.".Y.I
3:- = N"g’ = NU v
i 5 2

Case of a %wcross section and a classical equilibrium particle

distribution.

T NS
1 g



1-26

Tncollided Particle Flux and Mean-Free-Path

The discussions employed to define the microscopic and macroscopic cross
sections (Gi and Ei) can also be used as the basis of g first particle trans-—
port discussion. Specifically, consider the determination of the uncollided
particle flux in a medium that is "illuminated" by a monovelocity beam. For
simplicity, consider a beam perpendicularly incident on the plane surface of

a homogeneous '"half-space."” As illustrated, the incident beam

RN

§£(¥+a&/

|
!
|
E
!
!
i

N
i
b eegn
|
|

[-ém--ﬁ()(

L
: e K = A XIS

x+dx

VACwes ¢+9 . i22 @l Vit may

|

intensity is I, the medium surface is at x = 0, and the uncollided component
of the particle flux is denoted @o(x). The thin slab of medium between x and
xtdx may be considered to be equivalent to the thin slab used in defining Gi'
Confining attention to only the uncollided particles, the beam incident on
this thin slab (at %) is @o(x), and, if there are first collisions {inter-

actions) in the thin slab, then the change in the uncollided flux, d@o(x),

across dx is given by
d@o(x) = @o(x-!-dx) - ¢°(x)
and is a negative quantity. The first-collision rate density at x is given by

Fi(x) = L. 8 (x)
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where the total cross section, Et, is used because all types of first-
interactions are counted. The first-collision rate per unit area of the
thin slab at x is Fl(x)dx. First-collisions is the only mechanism for

decreasing the uncollided flux, i.e., Fl(x)dx has the same magnitude as

d@o(x). Whence,

d@o(x) = - Fl(x)dx = - Zt @O(X)dx
d@b(x)
ax =" Zt @O(X) and ¢b(0) =1

The solution of the uncollided flux relation is

~th
QO(K) =Iaea

Mean~free-path:

From the uncollided flux result a clear physical meaning of the
total cross section can be deduced. The form of the result is immediately
comparable to the radicactive nuclide decay relation, N(t) = Noexp[—xt]. Re—
call the definition of the decay constant, A. Specifically, AAt is the proba-
bility that a radionucleus decay in the next time increment At (if AL << 1).
The statistical meaning of Zt is, in analogy, given by: ZtAx is the probability
that a particle experience an interaction (any type) in the next Ax of particle
travel (if Zt fx << 1). Moreover, the equivalent "as good as new postulate"
is: For a particle traveling in a medium, the probability that it interact
with the targets of the medium in the next Ax of travel 1s independent of the
distance traveled before that interactiom. Moreover, Fl(x) = ZtQO(x) only
describes the statistical average of the first-interaction rate density at x.
The statistical description is given by the binomial distribution b&(ztﬂx).
Note also that the description in location of first-collisiom, x, can easily
be changed to a description in ferms of the time (the particle spends in the

medium), t, using the relation x = vt or Ax = v At.
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Another route to deduce the physical meaning of Et (which agrees with the
above discussion) is to determine the average (or mean) distance (x) of par-
ticle travel in the medium to the first-collision. Using the derived @o(x),

the rate of first-collisions in dx at x (per unit area of this slab) is given

by

~th
Fl(x)dx = ZtQO(x)dx = EtI e dx

and these first-collisions are clearly generated by particles which have
traveled a distance x in the medium before the first-collision. The mean

value of the distance traveled in the medium to the first-collision is thus

_th
fm x EtI e dx
<g> = o

o= e
t
antI a dx

0

The denominator yields the total rate of first-interactions in a unit area
of the entire half~space and must be equal to I, the incident beam intensity,
to have a steady state (t-independent) problem. The numerator is equal to

1/Zt. Whence,

<x> =-E£

t
and the immediate iInterpretation: Et is the inverse of the mean-free-path

(of travel, x). The previously noted statistical meaning (viz., Xtﬁx is
the probability of interaction for a particle travel distance Ax) is certainly
consistent with this mean-free-path interpretation: 1/Z£Ax is the number of
Ax distance increments required to "on the average"” have one collision, which
implies Ax/ZtAx, or l/Et, particle distance of travel to a collision.

It should be emphasized that in these dis;ussions only the uncollided

component of the particle flux has been considered. With reference to the

illustration,



1-29

T
N .
Blx) A= S Y
R N
dc’*;4~ ;;—4>~
L \ T o
_....._.._.‘...}... %
o X ~AX/S
X

if particles are scattered (or, reemitted in any type of interaction), then
the particle flux at x, $(x), has contributions from those particles which
have had one (@l(x)) Oor more (Qz(x), ®3(x),...) collisions.
The more complex situation of Zt = Et(x) is easily approached with a
change of variable defined by
e
Ux) = f Et(x')dx'

&

' or "optical distance.”" So~defined, the

and termed the "optical variable,'
origin of ¢ occurs at x = a. Often, the choice a = 0 is made and then
= 0 and x = 0 coincide. Since the mean-free-path at location x' is given
by l/Et, the integrand Zt(x')dx‘ represents the fraction of a mean-free-
path across the slab of thickness dx'. Whence, £(x) represents the number
of mean-free-paths between the plane at x and the plane at a (i.e., in the
perpendicular, or x-direction).

The differential equation

d@o(x)

i = - Zt(x) ¢°(x) and ¢o(0) =1

is transformed to



d@o(l)
4 c ¢o(£) and @0(0) = 1
if a = 0. Note that @O(Q) = QO(X(R)). The solution takes the form
2 (%) =1 %
and, then transforming back to x yields
—L(x)

¢o(x) = @0(2(x)) =1e

X
@O(x) = I expl- f Zt(x')dx']

o

As an example of immediate application of this initial tramsport prob-
lem solution, consider the uncollided particle flux which would emanate from

a slab of thickness X which is uniformly and perpendicularly illuminated by

a beam of intensity I.

i
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The slab isg neither thin nor uniform, i.e.,
th = 0(1), or greater

I, =L, (xy,2)

The emerging, uncollided particle flux is given by

¢ (X,y,2) = I e >y,2)

i.e.,

X
¢ (X,y,2) = I expl- f Zt?x,y,Z)dX3
(%)

If the uncollided flux is the only particle flux component of interest,
then the above result immediately yields the "shielding" properties of the
Z~-thick siab. As an example of another aspect of the solution, consider the
case where the slab composition is uniform and only the target demsity, N,

varies, i.e., N = N{(x,y,z) and
L% y,8) =g N (x,y,2)

In this case, the result can be expressed as

[x N (%,¥,2)dx =-Ei 2 6:?§%§TQT:}

o
and a measurement of QD(X,y,z) yields a determination of the x-direction,
projected target densities in the X-thick slab.

It is rare that only the uncollided flux is relevant. The multiply-
scattered flux components either represent unwanted noise in the determina-
tion of Qb’ or they are of interest as being principally involved in the
phenomena of interest. It is to the more complicated calculation of the

entire flux, %, that we must eventually turn.



ELEMENTARY TRANSPORT RELATIONS

Particle Current

Consider a differential plane area element dZS with unit normal vector &
indicating the spatial orientation. The elemental area is located at r where
the particle demsity is n{(z,v,t). In a small time interval At, the number of

particles with veleocities in d3v which cross dZS is given by

n(xr,v,t) adv Aryee dZS

where v+& = cos(v,8) with (v,8) the angle between velocity v and unit normal

8. Note that a sign

convention has been thereby adopted relative to the arbitrarily chosen posi-

tive direction of &, i.e.,
v 8% 0 implies + flow of particles.

The f£low rate of particles in d3v across dzs per unit area is given by

2-1



2~2

lim ”‘"}““‘“‘2“ n(r,y,t) &v e v'é a%s = n(x,y,0) dv v’

At>0 At d°S -

With respect to the direction &, the positive (directed) component of

the particle current, J+(£,t), is defined by

I,(z,t) = f ved a(r,v,t) dov
ve&>0
and is equal to the rate of particle flow per unit area across a surface
perpendicular to & at location I at time t; counting only particles with a
positive component of v along the direction e&.

Similarly, with respect to the direction &, the negative (directed)

component of the particle current, J (x,t), is defined by

J (= - v+& n(r,v,t) d3v
v*&<0

and is equal to the rate of particle flow per unit area across a surface per-~
pendicular to & at x and t; counting only particles with a negative component

of v along the direction e.

Clearly, the net rate of particle flow per unit area across a surface

penpendicular to & at r and t is given by

J (5 t) - J _(r,8) = {ré a(L,y,t) dv

Defining the particle vector current by

I, t) = J v n(r,v,t) dv

the net rate of particle flow per unit area across a surface perpendicular
to an arbitrary direction € at location r and time t is E-gﬁg,t).

Case of an isotropic distribution:

"Isotropic distribution" means that n{z,v,t) = n(r,v,t) when expressed

in velocity Cartesian 3~space. If Cartesian coordinates are
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i<

A%s
>/ 4
VX7L

used for the v-integration and v, is chosen in the e-direction, then

+o oo o
J+Q5,t) = f f f vzn(g}v,t) dvxdvydvz

R
The Cartesian n(z) here actually depends on [EJ only. Thus, it is more

convenient to employ the illustrated spherical polar coordinates, with &

the

polar axis, for the integration, i.e.,

/2 27 9
J+Q£,t) = [” J I v cosbn(z,v,t)v" singdvded¢
0 0 0
which reduces to J+Q£,t) ='%-N(£,t) ?{E,t).

The Point Kernel

Consider a point (at EU), monoenergetic (speed vo), steady source of
particles emitting one particle per unilt time isotropically into an infimnite,

- homogeneous medium. Let



N (D)

4,

Intuitively,

N, (x)

(r)

and

1/v

4R

4mR?

exp[—ZtR]

exp{~ZtR] @R

R=|r=-r [ and
)
r -t
A = =0
LANEEN

no(gjg) = the steady uncollided par-
ticle distribution resulting from the
point source (i.e., the steady state

point kernel),

the uncollided particle density =f no(g,gj d3v, and

the uncollided particle current =f:gpo(£xx) dsv.

exp[witR} 3§ (gfvoeR)

As an example of the use of these results consider a configuration volume

element d3r in which the rate of particle scattering collisions is Zsé(g)dBr.

Presuming that the scattering is isotropic, the volume element d3r appears

as an isotropic source of strength ESQ(E)dBr.
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e
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Denoting 450(R) as the uncollided particle current at R due to particles

emanating from d3r having had a scattering in d3r,

a3

exp{~2tR} &

s 3
dJ (R) = I &(r)d'r
- 8 41TR2

This result is now used to develop a heuristic derivation of Fick's diffusion

law.

Fick's Law of Diffusion

= e

Let dJ+ represent the particle
flow density rate thru dZS due to
particles which had last collision

in d3r, i.e.

In terms of the illustrated spherical
polar configuration coordinates (i.e.,
with the origin at dZS and polar axis,

z, opposite to 8).

1

aJ, = ZSQQE) exp{-Etr}coserzsinﬂdrd8d¢

4T
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With the (unrealistic) presumption that the homogenecus medium is of infinite

extent, ® w2 om
2z,

J+ = f { f z% () exp{-ztr] cosfBsingdrdgdg
0 0 0

For algebraic simplicity, suppose that $(r) = ®(z) and employ the Taylor series
expansion

d(r) = ¢(0) + (%% (rcosg) + . . .

0

to obtain

Zs o LT/ 2 30 .
J+ =5 f f {9(0) + éggae(rcose) S | exp{—ztrl cosfsinfdrds
0 0
With the (sometimes unrealistic) presumption that over the r-range (0, a few

1/Zt) 30/3z is essentially constant and defining U = cos0,

Jo= E‘S" [m Fl [2(0) + (Eg) Tl exp{-I r] udrdp
2 dp0 THI EXPLTET
. 00
- 1 20
"1 WO e G

a more general (and accurate) result is

S Loy Lo80
30 =4 0@ 33060,

where, Xa is the distance measured along the + &-direction, D is the diffusion

coefficient

BZtr

Etr is the "transport crass section” (is equal to Et for the case of isotropic
scattering and weak absorption, Ea << ZS), and r is now the location of the

surface thru which particles are passing with reference to an arbitrary origin,

i.e.,

o
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Note that

>
[ ]
jey
e
I
S
]

I () = I_(0)

ad
=D G5,
2

]

and that the gradient of ¢(r), denoted by V&(xr), is defined such that

~ ]
&« Vo(x) = (“égj)r
e —

Whence, the relation
J{xr) = ~ D Ve(m)

which is Fick's law of diffusion.

The operator V:

—_— @?/
N

7, . é

Consider the orthogonal set of coordinates (xl’x2’x3) at the point P
with the respective unit vectors (’él,’éz,’e‘3). Presume that the x, have dis-

tance dimension (e.g., cm). Let F(r) be a scalar function and note
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3
F(P') = F(P) + (53E59 S C§§E5P )
1 2
3
+ (@E)P x, + 0(x%)
3

But, (31,%2,%3) is an orthonormal set and F(P') can be reexpressed

oo 3F o 3F 3F A . . 2

7{P") F(P) + (——--—--axl e + -8-;2— e, +-3-}-£—3- 23) x + 0(x")
where x = xlél + xzﬁz + x3§3. Whence,

F(P') ~ F(P) 5F A 9F A OF ~ « . o

X T Gk T, B2 T %) TS0

and

lim F(P") - F(P oF ~

xiO ) X = T o, ¢ VF(xl’XZ’XB)

]

where the operator V is defined by

~ 9 A 3 ~ 3
V =&, = 4+ g, =+ &8
1 Bxl 2 axz 3 5X3
Examples -~
1. Cartesian (x,v,z)
Pal
2 fe’
€ ——n
& / Vet =0 +8 =2 +8 >
Cx x Ox vy dy “z Bz
x & ’
2. Cylindrieal (r,8,z)
=23 -9 4 1. 3 9
VER e 8% T T8 3
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3. Spherical polar (r,0,¢)

€
} F
}
i ‘{f;'§¢
i
;9 l\.«
G U~ R SO N NP G S
i ' r or 6 390 ¢ rsin® 3¢
B e
/'Q____,y)\__‘_%

Continudty Relations

Monoenergetic particles:
Consider the balance in population of monoenergetic particles in volume

V enclosed by surface 8.

N(r,t) = particle density,
J(x,t) = particle current,
s{(r,t) = particle source rate density.

3% 6 N(r,t) d3r = rate of change of the particle population in V, and has the
following contributing terms:
1. f s{r,t) d3r = rate of change due to particle sources.

A
2. = f Za(gﬁt)@(g}t) d3r = rate of change due to particle absorption by

v
targets.
3. = [ J(x,t) - éodzs = rate of change due to net outflow of particles
5

through S.

where éo is the outward-directed unit normal wvector to S.
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Note that by Gauss' theorem,

3

[ 3e8d’s = [V-ad
s v
Thus, if the particles are assumed to be stable,
9
sz [N@O Pr=- [V-3@o Or
v v

_.f za(zpt)@(r,t) d3r + [ s(x,t) a3

v Y
and, since V is entirely arbitrary
aN(gtt) ==~ J(xt) - L_(x,8)0(z,t) + s(g,t)

which is the particle "continuity relation.” For this assumed case of mono-

energetic particles

aN(r,t) _ 1 230(r,t)

ot v ot

which yields an expression for particle continuity in terms of the 2 dependent
variables ¢ and J.

Polyenergetic particles:

In the more realistic case of particles with a range of kinetic energies,
it is of interest to develop the particle population balance in E-space as
well as in r—-space. Here, considering only the E-integrated population balance

in r-space,

BN(;:tt = -V J(@Et) “Ea (L, t)$ (r,t) + s(z,t)

which is identical, in form, with the monoenergetic particle relation.
Here,

N(r,t) = [ n(_:_:_,x,t)dg'v

o(x,t) = fvn(_g,y_,t)dBV

I t) = fwm(z,y,t)dy

s(x,t) = f S(_J.:,y,,t)dBV



and Za is the averaged particle absorption cross section as discussed in

previous lectures. Moreover, in many cases,

AN(r,t) ? d(r, t) 1 3 .
——hl o = H o e
at 5t {v(}g_, t)] v 3t Bz, t)

- 1 3
where v = ETE:ET f w(xr,v,t) d7v.

In these lectures, then, the general form of the particle pepulation continuity

relation is expressed as

<

2 0(m0) = -V - IO - L0 + s
The diffusion approximation:

Fick's law of diffusion has been derived in the form

_\]_-(_];_s t) = - D(_E_at)v(?(f_’t)

This is an approximate relation between J and ¢ which is valid if:

1. Distance to boundaries (or, to inhomogeneties) is much larger than 1/Zt.

2. There is negligible variation in.%wax& over distances of 1/Zt, i.e.,

slowly varying $(r), or equivalently Za<<zs.

3. There is negligible variation iIn §(t) over periods which are small

relative to particle transit times.

The "diffusion approximation' to the particle population continuity relation

is thus

< |

=2 0(5,t) = ¥ + D(LE)VH(L,©)
- 5 (5, 00(z,t) + s(z,t)

Note that, for the case of D(r,t) = D(t) the operator Vz, defined by



is relevant, i.e., the diffusicn equation assumes the form

1 "'3"2' 8(x,t) = D(L) V2o(z,t)
- Ea (E__yt)@(f_:t) + S(};ﬂ,t)

Examples —-
1. Cartesian coordinates (x,v,z)

2 2 2
vt By
ax 3y oz

2. Cylindrical coordinates (r,0,z)

ra2

367

2z
2 _1 @ 2 1 87
v_rar(r3r+r2 56 T

3. Spherical polar coordinates (r,8,¢)

3 23 13 1 d

{sind

3
560 T T2 3472

r2 i 30 r“sind

sind

Viscosity and Thermal Conductivity

Viscosity:

2-12



Consider a fluid characterized by n(r) = n = constant, and EKE) = EKZ) = ;'(z)a .

From the Fick's law derivation

Z9

= _=. - ;
aJ_ = X expl Etr] coslsinOdrdbdd

Let pxzéx denote the net flow of particle momentum transfer through dZS per unit

area. Then
L &m  pem
Py = : f f exp[—Etr] Vg(rcose)cosesinedrdﬁ
g0

Note that it is assumed that ® is approximately constant even though ;% is vary-

ing and that the ¢-integration averages Ve at each value of @.

Eom (o (m - dv_ ]
p._= J I exp[~8tr] VX(O) - {reossg) (EE—DO cosbfsinfdrdd

Xz 2
0
i.e.,
dﬁ%
Py ™ 7 u(dz )0
1 z
where 4 = §-~w§ mé = Dmg is the fluid "coefficient of viscosity.” In three-
t

dimensions, the result is

Thermal Conductivity:

Consider a fluid characterized by n(r) = n = constant and vz(g) = vz(z}.
Let Qz denote the net rate of particle kinetic energy transfer through dzs per

unit area, i.e.,

}:S@m ¥ "'"i'
Q, = Jw [ exp[~£tr} v (rcos8)cos8sinbdrdd

Z 4
. 0 0
Moreover, if the particle distribution is locally in classical equilibrium,
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then
1_2,. .3
5 T (z) = 5 kT(z)
and
3 T
~— -3 i
Qz 7 kZS f f expl utr] T(rcosd)cosbsinddrdh
0 0O
I
Q= =R
where K = %—kégng'z %—k@D is the fluid "coefficient of thermal conductivity.™
t

Q, is identified as the "heat flow density." In three—-dimensions

Q= - KT



MONOENERGETIC PARTICLE TRANSPORT RELATIONS

Point Source Kemmels

To motivate a careful umderstanding and analysis of the particle trans-
port process, consider the details of a particular problem--Determine the
particle flux, &(r), resulting from a unit strength, moncenergetic, steady
point source of particles located at r' and emitting isotropically into an
infinite, homogeneous medium. Two solution approaches have already been
discussed in these notes. It is the relation between the two solution re-

sults that is addressed here.

£Vx oboservariom

/,,/7"? Poz}v?‘

-

0 @/ s

;—/\\\

e source
AN

an

The uncollided particle flux, @D(E), has been previously discussed and

is gilven by

<I>0(£) S S— exp[~L

r~1'|]
wlz - 2|2 £ox

|

For reasons which will become apparent, denote this particle flux result
by 6, (z,r"), i.e.,

G (r

s r,r') = the uncollided particle flux at r due to a unit strength,

moncenergetic, steady, isotropic point source at r' im an
infinite, homogeneous medium.
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As a first detailed problem employing the derived particle diffusion
equation, consider the unit strength, point source problem. Specifically--—
Find the particle flux, %(r), due to a source at r' using the steady state
diffusion relation. In order to gain obvious symmetry, move the origin
of spherical polar coordinates to the point source. Then &(r) - &(r) and

the diffusion equation can be stated

2L d 2. d - =
Vo gr (o) - ofr) =0
except at r = {0 where there is a suitable source condition. The "diffusion

length," L, has been defined by the relation

2 D
L =3
a

The general solution is

o(x) = al Ly oL L

and the boundary (and source) conditions are
(I) 1lim ©(r) = 0
r—}oo

(II) lim 4mr® (D g%) -1
0

Whence, the solution

e~r/L

r

1
4wl 12
a

d(r) =

Spacial moments:

As expected, fwzaé(r) 4rr?dr = 1 which leads to the general spatial (r)

moment relation

<™ = J b L2(x) dnrdr = (n+1)1LY
0
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e.g., <r> = 2L and <r’> = 6L%, Note that <r®> # <r>?,

Green's function:
As for the uncollided flux problem, there are useful reasons for denot-

ing the particle flux result by GD(E,Ef), i.e.,

Gg(ELE') = the particle flux at r due to a unit strength, monoenergetic,
steady, isotropic point source at r' in an infinite, homo-
geneous medium, where the diffusion approximation (equation)
has been employed to determine the result.

From the &(r) result obtained placing r' at the origin of r~coordinates, it
P g X 2 I

readily follows that

G, (r,xr') = i exp[-|r - /L]
4mE L x ~ 2’|

which should be compared with the uncollided particle flux Green's function
Yy = 1 I v /A
6 (r,r') = ———=—— exp [~|r - r'|{/]]

where /A denotes the mean-free-path, i.e., /A = l/zt.

Use of Green's functions:
The two Green's functions, G(z,r'), just described are certainly different

in their functional form, i.e.,

~ 1 =R/L
GD R e
and
~ L ~R/A
% R °©

where R is the distance between source location, r', and flux observation
location, r. However, both results are trying to describe the particle flux
at r due to a unit strength, moncenergetic, steady, isotropic point source at
t' in an infinite, homogeneous medium. The relation between these two re-

sults is considered later. Here, consider the general use of Green's
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function results to determine particle flux due to complex source distribu-
tions.

Green's functions are generated by solution of linear analytical problems
where the inhomogeneity (or, source) is singular - e.g., in the present prob-
lem, point sources are comsidered, i.e, s(x) ~ 8(x - r'). Since the problems
are linear, the solution for a more complex source is given by the "sum" of
the relevant Green's functions weighted with the distributed source density,
i.e., the particle flux, ¥(r), due to a distributed source density, &(x'), is

given by
®(x) = f@@g_‘)g(ﬂgf)d%'

if G(r,r') is the Green's function which describes the physical process cor-

rectly. If diffusion is the accurate transport description, then
o(x) = [GD(E,E')s(g')dar'

Or, if free-flight transport is the process, then
#(x) = JGO(_*_:__,;_')S(E')d%‘

Relation between free-flight and diffusion:

Using a method based on calculation of successive "orders-of-scattering"
a relation between free-flight transport and the diffusion approximation will
be developed. The purpose of this development at this point in these lectures
is two-fold: 1. To qualitatively indicate the general idea of a transport
calculation. 2. To show the inadequacy of knowing only the free~flight and
diffusion description in studying general transport problems (and thus moti-

vate a more careful consideration of the transport of particles in matter).



Calculation of the uncollided particle flux -

If s(r') represents a particle source distribution, then
= 1 ' 3.1
e (0 f G (r,r')s(x")d"r

is the uncollided particle flux generated by the source distribution.

over,

Fi(r) = Lo (x)

is the first-collision density rate.

Calculation of the once-collided particle flux -

3-5

More-

If scattering is isotropic, then ZSFl(Ef)/Et represents an isotropic

source distribution of once-collided particles. Whence,
ES 3 3
& - L) 1 - T 1 r
1 f G, (x,x") 5. Fi(zhd’r f 6 (z,x") 2 8 (x")d’r

is the once-collided particle flux. Moreover,
Fplx) = 1,9, (D)

is the second-collision density rate.
Calculation of higher-order-collided particle flux -
In general,

¢ () = [Go(z,;_')zs%_l(z')dar'

is the m-collided particle flux (i.e., if scattering is isotropic and Go is

particle-energy-independent}. In such cases then,

¢ (1) = El: [ f jGO(_E,;_')GO(;_',_E")...Go(g_(m),g_(m*'l))s(_r_(m"‘l))

3.1 430 a_(m+1)
d’r' d4°r"...d°r
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Calculation of particle flux -
If &(r) represents the particle flux (i.e., including all orders-of-
collisions) due to the source distribution s(x'), then
o(x) = Y @ ()
m
m=0
There usually is some integer, M, such that
M
6D ¥ ) o (1)
m=0
and it is reasonable to presume that M = O(ES/Za). Two limiting examples
have already been considered, i.e.,

1. Case of high absorption, i.e.,

Ea >> Zs impiies M ~ 0 and

M
1 8,@ 0@ = [ s @reEhas

2. Case of weak absorption, i.e,

Za << Zs implies M >> 1 and

M
mzo ¢ ()~ o(n) = f Gy(z,x")s(x" )&’

i.e., the diffusion approximation.

If M is between these two limiting cases (or, if scattering is aniso-
tropic, or, transport is particle-energy-dependent) then the orders-of-
scattering techmique is either tedious or impossible to apply and a direct
consideration of the complicated particle transport process is required.
The remainder of this section of these notes is devoted to development and
gsolution of a specific form of the Boltzmann transport equation with appli-

cation to relevant physical and engineering problems.
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Monoenergetic Particle Transport Equation

Presuming that the particles of interest are essentially moving
points (i.e., with no relevant external or internal structure), the distri-
bution independent coordinates are location, r, velocity, v, and time, t.
Alternatively, and more useful for the present discussion, the independent
coordinates can be chosen as x, energy, E, direction-of~travel, ﬁ, and t.
In order to somewhat simplify the development, understanding, and applica-
tion of transport relations, an often-used approach is to separately con-
sider the independent variables (or groups of variables). In this sectiom
of these notes, the variable dependencies (Egﬁ,t) are considered and thus
monoenergetic particle transport is addressed. The next section treats
the E-dependence and is devoted to particle E-spectrum determination as well
as energy deposition (in matter) considerations.

In the most complicated monoenergetic particle transport problem,
n(z,ﬁ,t) is the relevant particle density distribution, i.e.,

)

n(r,{,t) = expected particle population per unit volume (e.g., per
cubic centimeter) at r, per unit solid angle (e.g., per
steradian) at §, at time t.
The number of particles in volume V with direction of travel in the solid
angle W at time t is given by
J f n(g,ﬁ,t)dzﬁ d3

VW
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where all the particles have the same energy (i.e., truly monoenergetic)
or, for some reason particle energy is an irrelevant variable and thus par-
ticles are counted independent of their energy.

Consider the particle population change in an arbitrary volume V sur-
rounded by a closed surface S with local, outward-directed, unit normal 30.
Consider only those particles with veloéity directions in the incremental

solid angle a%Q about {I. The rate of

change of the expected population of relevant particles (i.e., those in V and

d2Q) is .
9

2
Y
d ot

[ n(Ejﬁ,t)dar
v

and has the contributing terms:

1. 4%Q J ! -vﬁn(g,ﬁ,t)dzs net rate of loss of particles from V with
S ° velocity directions in d°€ at time t due
to flow through 5.
2. d%*q Z (r,:)vn(r & ,t)d? r = rate of loss of particles in V with pre-
collision velocity direction in d’0 at time t
due to binary collisions.

3. 4% | a%r I c(g,t)f(;,t'ﬁ'*ﬁ)z (xr, t)vn(r,ﬁ‘,t)dzﬂ’ = rate of gai

&m of particles in V with velocity directions
in d*Q at time t due to the production of
secondary particles caused by collisions of
particles in V with all possible precollision
velocity directions.

< S, <'.'-—----~»._
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directions in 4%Q at time t due to independent

4, d*Q f s(xr, Q,t)d r = rate of gain of partlcles in V with velocity
v particle emission sources.

In term (3) two new functions describing the particle interaction process are

introduced. They are:

e(x,t) = the expected number of secondary particles released per
collision of the particles of interest (e.g., ¢ = I /Z
scattering is the only collision type from which partlcles
emanate)

the normalized secondary particle direction of emission 9))
distribution due to a grecollisien particle with velocity
direction Q' (i.e., fd §¢ is the fraction of particles
emitted into d2f about {I)

f{g,t;§'+§)

It should be noted that term {(3) includes the contribution of particle scatter-—
ing from all direction increments into d°Q about {! and all these scatterings
are described by binmary (point) collisions. With intent, the continuous devi-
ation of a particle direction-of-travel which would result from long-range
force fields has not been included in this initial, simplified discussion. It
should also be realized that there are numerous situations where long-range
forces are of negligible importance and the relations being developed have
meaningful application to such cases.

Gauss's vector field theorem applied to term (1) yields

j 30'vﬁnQ£)ﬁ,t)dZS = f V-vﬁn(gyﬁ,t)dar
5 v

Moreover, including the fact that v and {l are r-independent,

J éo-vﬁn(gﬁﬁ,t)dzs = f vﬁ-Vn(géﬁ,t)dBr
S v
Combining the contributing terms (with proper sign according to gain or

loss rate) and realizing that both d’Q and V are arbitrary gives the Boltzmann

transport equation,
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S n(58,0) = - Viem(nd,t - vi (5,000,

+ ez, )vI_(z,t) f £(r, e300 n (0, 0 d% + s(x,f,0)
4rr

In terms of the particle flux, @(E,ﬁ,t) = vn(g}ﬁ,t), the transport equation

is

$ 20 - - 89G80 - I (n 0,0

+ e(z, ) (z,t) f £(r e 007, 0% + s(xi, b

In this monoenergetic particle formulation of the relation describing the
transport process, it makes little computational or conceptual difference in
using n or ? as the dependent variable. Both formulations will be employed -
the choice depending on the nature éf the problem.

Conservation relations:

Consider the operation f a*n applied to the particle transport equation.

Term-by-term the results are

x A 20 = 9 9] 20 =
[ T n(r,R2,t) d*q = Tt f n(r,i,t)d"q@ =

8

[ Wi Vn(r,0,t)d%q = v. fvﬁn(g_,ﬁ,t)dzﬂ = VeJ(x,t)
Jvzt(ur__;t)n(;m,ﬁ,t)dzlﬂ = vﬁt(z,t)N(_z_:_,t)
J evI, [ £@"Hn@Hd2 a2
= f chtn(ﬁ'} [ f(ﬁ’*ﬁ)dzﬂdzﬂ’ = chtNQE,t)
J s(z,ﬁ,t)dzﬂ = s(x,t)
Whence,

~§§ N(r,t) = =VeJ(r,t) + [c(x,t) - llvzt(g_,t)N(z,t) + s(x,t)
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an equation which describes comservation of particle r-space population density.
Note that multiplication of this conservation relation by the particle mass, m,
yields an equation expressing conservation of mass {i.e., the simplest of the
equations of fluid dynamics).

More relations of fluid dynamics can be generated from performing various
ﬁ—space moments of the transport equation. Such relations are far more mean-—
ingful when applied to the energy-dependent transport relation. However, the
general idea can be briefly illustrated here. For example, consider the
operation f da%Q ry.  applied to the particle tramsport equation. The left-~hand

side of the relation is
I my "a"% a(r,Q,)d?0 = mv =2 J( fin(x,0,t)d2g
= w5 [R5, ONE, D] = = [my (£, N, 0 ]
™ Bt ot

and represents the rate of change of the net particle momentum per unit volume
of r-space. The right-hand side terms include discussions of complexity un~
warranted at this point in these lectures. The resulting relation expresses
conservation of particle momentum and is thus an "equation of motion" for the
"fluid" of particles (i.e., a form of the Navier-Stokes equation of fluid dy-
namics).

Analytical Resolution of the Boltzmann Equation

To illustrate techniques for attempting analytical resolution of the
Boltzmann transport relation just derived, three approaches are outlined here.
For algebraic "simplicity" attention is restricted to a special class of prob-
lems. The Boltzmann equation we are considering has already included the
simplifications of:

1. WNo long-range forces and short-range forces described by binary
interaction cross sections.

2. Monoenergetic particles,
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3. Cross sections independent of direction of particle travel (ﬁ).

4. Stable particles (i.e., no particle population change due to
disintegration).

To these add the following restrictions:

5. Homogeneous, steady state target medium (i.e., ¢ and Z are constants
and f (Q -8) is r and t-independent).

6. Isgtrgpic emission of particles following a particle collision (i.e.,
£Q') = 1/4m).

7. Particles in steady state (i.e., n = n(g,ﬁ), or ¢ = Q(Egﬁ))-

8. Plane symmetry.
In detail, the restriction problems with plane symmetry means that (Ejﬁ) + (x%,8),
where the position coordinate, x, and the direction—-of-travel coordinate, 0O,

are defined by the illustration

Clearly, in order to actually achieve plane symmetry all medium boundaries or
discontinuities would need to be in the form of infinite plames perpendicular
to the x-axis, and particle sources would be required which are in the form of
x~planes with emission-direction symmetrically distributed about the x—axis.

The restriction of plane symmetry as well as the other seven simplifica~
tions listed above are never completely descriptive of a real problem. How-
ever, techniques for analytical resolution of more general transport problems
are usually based on the ideas outlined here for this greatly simplified

case.,
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For this case, the dependent variable appears always as vn{x,8) and
therefore the flux (¢) equation requires less symbols to express. In addi-

tion 7
ﬁ-V@(x,B) -+ cosf gg-é(x,ﬁ)

¥is
J £ b (x,0')d?Q" +_:;_L~ f ®(x,0')sind'd0’
4N 0

is more naturally expressed in terms of the direction-cosine, i = cogf, i.e.,

& - @(Xslu and
QeVe = U = (I)(X h]
ox » ¥

1 1
f fodiQ' - 5 (+®(x,u')dp'
4T -1

In these terms, the relevant Boltzmann equation is

5 czt -+1
g 00 + 2000w = 55 [aGuuta’ + st
-1
It is to this relation that the three solution approaches discussed in these

notes are applied.

Approach 1. Eigenvalues and functions of the Boltgzmann operator:
Consider the homogeneous form of the Boltzmann equation (s = 0) and in-

clude effects of s by boundary conditioms. Thus,

3 cEt 1
(1 =t Zt) P(x,1) = 5 & (x,u’)dy’
-]

Translational invariance of this equation suggests solutions of the form
3 Gx,u) = ¥(g,u)e ¥/ 2

where ¥(4,1) must then satisfy

el +1
( - 3%+ L) ¥YQ,u) = -Tt- f Y(L,u')du'

-1
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It is found that acceptable values of & fall into a discrete and a con-

tinuous spectrum. The continuum in £ is for real { in the range
- Ui <k /T,

The discrete values of %, are £ = * L with ¢ < 1 implying that L is real and
¢ > 1 implying that L is imaginary.

The eigenfunction set {¥(%,u)} is orthogonal in the sense

+1
f H¥(L, WYL, Wdu = 0 for £ # &'
-1

which can be expressed as

(02622,, £ and L' discrete

1
f+u?(2,u) YR, Wdp = 1

-1 025(2*2'), 2 and ' continuous.

The general solution of the homogeneous equation is in the form
1/1,

2o = AGLYEL e 4 AL YL, + I+ A ¥, me ¥ *ag
~l/2t

where the set of expansion coefficients {A(2)} is evaluated by boundary condi~
tions with the aid of the orthogonality relations.

Approach 2. Expansion in direction-dependent functions:

Assume that the set of functions {Qz(u)} is complete for ~1 < p < +1

and use the expansion
2(x,u) = ] F, ()R, (u)
z
in the homogeneous form of the tranmsport equation, i.e.,
d cEt - 1
- = —t 1 1
L0y g Fo 0 + 2R T (] = %Fgcx) 2, (u")du
~1

A particular example of a useful function set is the Legendre polynomials
{Pg(u)} which, in addition to being complete, are orthogonal on -L S U <+ 1

in the sense
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+1 2

and obey the recurrence relation

(2+1)P - (2£+l)uP2(u) + gPi—l(n) = 0,

g1 (W)
For simplicity of physical interpretation, redefine the expansion coefficients,
Fg(x), such that

2w = I AEh 0 cory

and note that, with this redefinition,

+1
&, (x) = 2m J @(x,u)Pg(u)dn = f¢(x,u)Pg(u)d29
-1

For example,

QO(X) f@(x,u}dzﬂ = &(x), the particle flux

e, (x) = fo(x,wyud?n = Jx(x), the particle net current

The transport equation becomes

2 th +1
E Aﬁ [uP o) @ (x) + LBy (u)®, (x) - =5 & (x) f P, (u")du'] =
-1

which, using orthogonality and the recurrence relation, takes the form

Q

% [EH)Pe,) ) 35 0,0 +aP () 33 0,0 + 22 + 12,V 8, ()

- el 0, (x)§, 1 =0
or equivalently,

Z [2 di 9, 10 + (44) = Eﬁi(x) + 2RI 0 (x) ~ £, 8,(x)8, 1 P, (W) = 0
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Recognizing that the set {Pg(u)} is linearly independent,
d d -
3 T ngl(x) + (24+1) - ¢£+l(x> + (22+1)Zt©2(x) - th¢£(x)6£0 0

i.e., an infinite set of coupled differential equations in terms of the ex-
pansion coefficient functions, Qz(x).

The PNwapproximation:

A methed for truncating the above set of differenmtial equations is to
presume that*?éx) = 0 for £ > N and only retain the first N + 1 equations.

As an example, consider the Pl—approximation equations

d@l(x}
g + (1-e)I 0 (x) = 0
d@o(x)
—g}?—— -+ Bth)l(x) = )
which imply
d%% (%)
1 o
-~ {1-¢)Z. & (x) =0
3zt dx? to

Defining the diffusion coefficient D = l/BEt, and identifying @o(x) and @l(x)

ag particle flux and current respectively, the above relations are

2
D-§3%§§l~ - (1—c)2t¢(x) = 0, the diffusion equation
Jx(x) = -D ﬂ%&ﬁl , Fick's law of diffusion

Note that the solution of the homogeneous diffusion equation is of the form

8(x) = Be/11 4 p_X/11

where the diffusion length, L is defined by

1’

D 21/2
!, = [———-—-—-—n—-—}
1 (l--c)ZI
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Approach 3. Moments method:
Tncluding an extraneocus source, s(x,u), the transport equation is

el 1
(U'§§ + Xt)Q(x,u) =-_§E [+ &(x,u")dy’ + s(x, 1)
-1

Using the Legnedre polynemial expansions

20+1
o(x, 1) = E in 9P, (W)
s = ] 2 s 0r, ()

reduces the tramnsport description to the set of differential equations

v 4 w1 d )
20 dx -1 T amm TG 0+ (L-efp DL e (0 = s, (x)

Define the particle flux distribution moments and partiele source moments by

oo oo

(I),Q,m = J’ XmQR(X)dX = f dxxm f}?g(u){i‘)(xs U)dzﬁ
~too +oo

S - [ s, (dx = { dx™ [2, (W) (x,1)d20

) w0

For example,

oo +oo
m
£ = 0: Qom = [ dxx f@(x,u)dzﬂ = J xmé(x)dx
-0 -0
Pom m , . . .
Therefore-auu = <x >, i.e., the configuration moments of the particle dis~
00
tribution.

m=0: ¢ = f+m dx | Pz(u)®(x,p)d2ﬂ = [%n-Pg(u) (x)d(x)dx

$ 0 -
Therefore 5&2- = <P2(u)> » 1.e., the direction-of~travel moments of the particle
00
distribution.

In order to obtain an equation relating the {le} with the set {sﬁm} per-

form the operation

400
m
f x {equation above in ¢2, ¢g—1’ ®E+1’ sz)dx

-
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and note that

(*‘” as *
2! m = m e - J m-l =
mdx x dx (x (D,Q.)"'m -~ T (D,Q,(X)dx %,éﬁ: m-1

Whence, the relation
_ om
Qmebp )L ®pn = Sem T 2g77 %1, p1 T D0, 1]

In many problems, the source moment set {smm} is given, or can be obtained
from a given source distribution s(x,u), and the particle flux solution is
sought. The results, here, indicate a systematic, algebraic technique of ob-~
taining as many members of the particle flux moment set{égm} as 1s practical,
or desired. From the particle flux moments either certain physical descrip-
tions are immediately evident (such as problem scales), or an attempt can be
made to artificially comstruct the particle distribution, ¢(x,u). It should
be carefully moted that although there is an infinite sequence of algebraic
moment relations, they are coupled such that@hn depends only on @2_1’ -1 and

$ Thus, a systematic progression of obtaining moments given {Qﬂo} is

&H1, m~1"
generated. The set {@20} depends only on {Sﬁo} and is thus presumed given.
The following matrix indicates the systematic progression in the calculation

of moments.

L~ 0 1 2 e -1 % &1
n
¥ 0 Do @10 @20 ©20 direction
moments {presumed
1 2, given)
2 @nz
-l 01, m1 %41, m-1
m ] o \.\ /
t ¢
oL Lm
. configuration

moments
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Application and Validity of Analytical Methods

In terms of the analytical approaches just described, attention can
now be focused on application to physical problems. Such considerations
help to clarify the details of the methods as well as illustrate their limi-
tations.

Use and validity of PN~approximations will be illustrated by applica-
tion to the problem of determining the reflection properties of a homogeneous
half-space. Use of the moments method will be illustrated by appiication to
the problem of determining the effects of source emission distributions.

Reflection properties of a half-space:

Consider the problem of a radiation flux illuminating the plane surface

of a homogeneous half-space. With reference to the illustration, a

;4
%/11/—?-
Y

Vaceem x /?bmgyeneaus wred vt o

&

homogeneous medium in the positive x half-space is illuminated by a particle

flux with a prescribed angular description, i.e.,

e(0,) =¥() for 0gusg +1

The emerging radiation flux, ¢(0,H) for -1 < UL 0, completely describes the
reflection properties of the half-space as dictated by the parameters of the
medium and the incident illumination. Note that we have already discussed a
more restricted descriptive quantity, R, the reflection coefficient, defined

by
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Certainly R can be evaluated via radiation flux illumination and emerging

descriptions, viz:
-1 0

3,(0) = 2 f u¥(u)dy  and J_(D)=~2ﬂ[ M@ (0,3 du
0

-1

Thus, the problem is fully directed toward determining the emerging radia-

i7a

tion flux, ¢(0,u) for -1 g U 0.

The PN—approximation is summarized by the truncation

and the equation set (for isotropic emission)

d d ~
n 3z @nml(x) + (n+l) I ¢n+l(x) + (2n+l)2t{l~c5no)®n(x) = 0

withn=20, 1, 2,..., N and ¢

N*l(x) = Q,

leapproximationwu

The particle flux is given by
1 3
&(x, ) = v QO(X) + i @1(x)u

and the relevant equations are

a
I @l(x) + Zt(l~C) cDO(X) = 0
& 5 (x) + 35 @.(x) =0

dx 0 t 1

We have previously discussed the manipulation of these relations to generate
Fick's law and the diffusion equation. Let us now approach the solution
of the problem: in a manner analogous to finding eigenvalues and eigenfunctions

of the Boltzmann equation {(Approach 1, page 3-13). Specifically: Translational
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invariance suggests the form
- ~x/ % =
@n(x) = ‘i’n(@ e forn = 0,1

Whence,

2E_(1-c)¥ (D) - ¥ (V) =0

- Y =
48 + 325 % (D) = 0

i.e., two linear, algebraic, howogeneous equations in the two unknown \PO( )
and ‘Pl(ﬁl). The condition for non~trivial solution (where the trivial sclution

is Wo(ﬂ) = Wl(K) = Q) is
RZt(lmc) -1

-1 3z

which reduces to { = :I:Ll where

"'1/2 Z "l

Ly = [3(1~c}] c

The eigenvalues lLL:L are the Pl-approximation to the discrete pair of eigen-
values *L discussed on page 3~14. For a c<l problem, the eigenvalue spectrum
for the exact solutions (Approach 1) can be compared to the eigenvalue spec-

trum of the Pl—approximation {Approach 2) via the illustration

ﬂ—‘[:fane ,Q-—F/zue
. UV TV IN 291V1V PRI V. X : ’ s
- L 2 _ a 2E 4L
L 5, wai vy £, z, z /
z‘?,ofro ach / /‘io//-béc 4 2

Exacl S0/ Z/’ - Approx s ey
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relations. Specifically,

yields Ti(iLl)/%b(iLl} = t1/3L12t. Whence, acceptable solutions of the

Tl(g) 1

HB(R) RIL,

exponential form are

and

¥ o(+L,) ~x/L

B(x,u) =~ (14— ule
17t

¥ o(~L.) +x/L

(I)(x’]“l) = 0471- L [1 - le B]e 1
1t

i.e., a general solution of the form

-x/1 +x/1L

1 1
Lle + ¢l - ule
LI,

1
d(x,u) = Al +
bIy

In the half-space reflection problem, the boundary conditions are

() 1lim &(x,W) =0

K> o0

{II) A condition descriptive of the entrance
particle flux ¥{u).

Boundary condition (I) implies C = 0 and thus

-x/L
o(x,u) = A[l +—--—le ule  *
1%t
In particular
3(0,1) = A[L + —2— ]
’ T.%

17t

3-22

-approximation eigenfunctions are easily extracted from the above
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Clearly, the application of boundary condition (II) cannot accurately describe
an arbitrary illumination ¥(u), 0 gy £ + 1. To satisfy the Pl—approximation,

the linear y-form is required and only the very restricted case of

¥(u)y = al1 TN . H] for 0 S M £+ 1
L2y

would give direction-of-travel pointwise agreement. It is therefore usually
required to develop less rigorous boundary conditions which are, at least,

intuitively satisfactory. An example is to establish entrance particle current

agreement, i.e., apply boundary condition (II) as

+1 1
27 J ud(0, wydu = 27 [+ W¥(u)du = 1
0 0

which is merely a statement that J+(O) = I. Using this arbitrarily chosen

condition yields

T
w1l + 2/3L12t}

A

and the problem of characterizing the emerging radiation is solved, i.e.,

~ I
¢0,1 = 3 2730 5 1 L+ W 2]

for -1 < p £+ 1 which includes the emerging direction contribution. In pass-

ing, note that

1/2

= [3(1~c)]

and thus the expected result that half-space reflection properties are only
a2 function of ¢ and, for example, are independent of Et. Rewriting the emis-

sion distribution as

(0,1 = A[l + YB(1-c)H] for ~ 1 suso
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illustrates another limitation of the Pl—approximation. If 1/3(1-¢) < 1, i.e.,
if 0< ¢ < 2/3, then $(0,u) < 0 in the range of emerging directions which is
a physical impossibility. The case of ¢ = 0.5 1s illustrated to indicate the

clear limitations of the leapproximation applied to this problem,

B (O, )

C:ﬁ,_‘)‘-/«'

o

-

-

P
-”/ "
//"' z//am S AT

/-:mefj /fmj?

L e */

Finally, with perseptive disbelief for cases where ¢ < 2/3, the calcula-~
tion of the reflection coefficient proceeds via

0
- 1 :

-1
to the familiar "diffusion approximation' result

J_(0y 1-2/3,F  1-2D/L;
I 1+2/3,L,  1+2D/L;

R =

Pz—approximation——

The particle flux is given by

Bx) =75 G0 +72 S ut 2 L Bl -d
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and the relevant equations are
T 4 ® + £.1-0) g,(x) =0

d d =
P @O(X) + 2 Tx @z(x) + BEt @l(x) =0

d -
2 4 @1(x) + szt Gzcx) =0

Same methods as used in the Pl—approximation give now

LI, (1-c) ¥ (2) - ¥, (2) +0 =0

- B0 + 3L ¥ () -2 ¥ ()

]
o

i
o

0 -2 ?i(ﬂ) + SRZtWQCR) =
where
_ -x/4% _
¢n(x) = ?;(Q)e formn =0, 1, 2

For non—trivial solution,

22, (1-c) -1 0
-1 IhN -2 A
0 -2 58T,

i.e.,
vn3.3
15{1~e)8 Zt - [5 + 4(1~c)}22t =
which reduces to £ = 0 and L. where

2

1 4 1/2

. -1
-9 T 15l I,

L2 = [
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The eigenvalues iLz are the Pz—approximation to the discrete pair of
eigenvalues *L. Comparing the discrete eigenvalues of the various approaches

for a ¢ < 1 problem yields the illustration

O 3-—2}/0/0/'@,\', /*/D/ane,
A ?}wﬁ‘p/zf"o.\*.
O Feach
.._.éz 1‘-42
FA-e—! 2 ——Graf
-t -4, -..3.{. 'r":,"s_i' *L, *L
4

The Pz—approximation eigenfunctions are extracted from the above re-

lations and yield the two ratios

i

R.Et {(1-¢)

3 2.2, . 1
2 QZEt(l-c) -

2

t(l—c)/2-—1/2;

- . oy 2
Whence ‘Hl(iLz)/‘i’O(i"Lz) = iLZEt(l——c) and ‘Yz(iLz)/‘?O(iLz) = 3L251
acceptable solutions for the particle flux take the form

¥ (+L,) -x/1
. _ 0V _ 3,252
ox, ) = = [1+ 30,2 (A~e)u + 5L, B

: 1,,3 .2 1 2
(=) - 3) G -Dle
In summary, the szapproximation solution to this problem yields a better
agymptotic eigenvalue than does the Pl-approximation (i.e., I..2 is closer
to L than is Ll)' Moreover, a more complete angular distribution is
generated. However, because the additional eigenvalue, % = 0, is of no

use in satisfying boundary values, there is no more flexibility found for



more completely specifying the illuminating particle
reason, the next approximation used in problems such
is the P3

~approximation—-

—approximation.

P3

The particle flux is given by
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flux ¥({u). For this

as the one considered

I 3 2 3,21
oW =y )+ o (D + 2 L[5 U - 5]
7 5.3_3
*ogm @G W -3
and the relevant equations are
I @l(x) + Et(l -c) @0(::) =0
d =
T S +2 = H® o+ BEt <I>1(x) =0
2S5 ) +3-2 0.0 +55 0,(x) =0
dx “1 dx 3 t 2
3-20.(x) +7 5 0.(x) =0
dx "2 t '3
Using @n(x) = ‘%’n(i)e—x/'q' for n = 0, 1, 2, 3 yields the set of relations
M.‘t(l - c)‘i‘o(ﬂ) ~- ‘i’l(,%) + 0 + 0 = 0
—‘{’0(2.) + BR.Zt‘Pl(J?.) - 2‘1’2(2) + 0 = 0
0 - 2‘Fl(£) + SJLZt‘?z(!L) - 3‘1’3(52,) =
-+ - 2 J =
0 0 3‘!:’2( ) + 7£Zt‘i*3(2,) 0
and the resulting condition for non~trivial solution,
Mlt(l - c) -1 0 )
-1 385 -2 0 ‘
t -0
0 -2 54% -3
0 o -3 7£Et-
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i.e.,
105(1-c)z4z: - [55(1—c)+35]£22i +9 =0
Whence,
2.2 35+55(1-c) 3780(1-c) 132
R ST 11~ 2
[35+55(1-c) ]
Note that

[35+55(1~c) 1% = 1225 + 3850(1-c) + 3025(1-c)2

and defining e(c) by

3780(1-c)
[35+55(1~c) 1%

g(e) =

it is easily concluded that, for 0<c <1, 0<e(c) <1. Moreover, as ¢ —+ 1,
g(¢c) » 0. To indicate further relevant numerical details, consider a case

with ¢ sufficiently close to umity such that the approximation
1/2 1
- @121 -Leo

can be employed. Thus,

2.2 = 35+55(1-c)
E

VI T a1 -e@/2)]

Whence, the solutions

‘ 1/2 -
- _ 1 il -I
£ = tL, where Ly = [-_-wu__B(lwc) + 357 ] Zt
- - 9 1/2 "‘l
£ = iL3 where L3 = [EEﬁ%B?IIEY ] Et

The eigenvalues iL3 and tL§

of eigenvalues #L and the continuum of eigenvalues between ~1[£t and +l/2t,

are the P3-approximation to the discrete pair

respectively. Comparing the eigenvalues of the various approaches for a
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¢ <1 problem now yields the illustration

O L-approx. j*/a/a,ne,
D L AFprok.
O Zy~ approv-
[0 £x2 e 7
_me-40 A O — 040
Ly =&, -—%.; ~L3 +Lg +§ +L, *Ly

The P3—approximation eigenfunctions are extracted from the above relations

and yield the three ratios

¥, (0)
70 22, - e
YL
2 3 2.2 1
= 2 %% (1-c) - L
\Po(ﬂ,) 2 t
YL ()
3 5 .33 5+4 (1-c)
T T 7P 2(1-c) - zldue) gy

Acceptable solutions for the particle flux take the form

Y. (4L ¥, (L)
1 3 2 3 3 2 1
d(x,u) = A 1 43—~ yu+5-"u= (-
[ ‘PO(+L3) 11:0(-1-1.3) 2 2
337 5. 3 3 3
+ 7 Gu -3Sule
‘PO(+L3) 2 ]
‘P (+L2) (+L2)
3 2 3 3.2 1
+AE.+3mu+5w(+L3) (— .-.E) P

(L2 -x/1.7
P N Y ST e

¥ (+L3) G
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Exclusion of the otherwise acceptable solution forms which vary as exp(+x/L3)
and exp(+x/L5) has already invoked the boundary conditiom that ¢(x,u) - 0 as

% + w, The two coefficients, A and A", are determined solely by conditions
descriptive of the entrance particle flux ¥(p). Thus, like the Pzaapproxima—
tion, the present solution yields a progressively better asymptotic eigen—
value (i.e., L3 is closer to L than is edither Ll or Lz), and a more complete
angular distribution is generated. In contrast to the Pz—approximation, the
additional eigenvalue pair & = iL; and their associated eigenfunctions provide
additional flexibility in more completely characterizing the illuminating
flux.

In the P, —approximation ®(0,4) has the form

3

B 2 3
o(0,u) = A (CO + Cu+ €, u" +Cyp )

+ A (CO + Clp +Cu+ 83 190

where the Cn and C; are known functions of the half-space medium parameters.

The cubic y~form is required and only the ﬁery restricted case of

2 3
Yy = Ay + A+ AT + Agu for 0 gpug+1

and the fortuity to find that there exist an A and A~ which satisfy the

simultaneous over-specified set of relations

AO = ACO 4+ A CO
A1 = ACl + A Cl
A2 = AC2 + A C2
A, = AC, + AC;

3 3 3
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yields direction-of-travel pointwise agreement between the solution ${0,u) and
the illumination boundary condition ¥(y). It is, therefore, again required

to develop less rigorous, but intuitively satisfactory, boundary conditions.
Using the same approach as was applied to this problem under the Pl—approximation,

an example is to require

+1. +1
2m I UO(0, wdy = 27 J p¥ () dp = 1
0 0
and
+1 +1
27 i ;F’@(o,u)du = 2ﬂ[ u3‘i’(u)du = H
0

which is a statement that notonly J+(O) = I, but that the average value of
u-cubed is also In agreement with the illumination conditions (i.e., a one-
step better description of the actual illumination).

Using these two arbitrarily chosen boundary conditions vyields

A = L BI-o’H

T o -a'B

f - L _oH -8T

T of” -o’B

where

o = co+3-cl+%-c2+~§~c3
R LA LA A
B = %Co"’%%*%cz*%cs
87 = s +E v+ 2]

Thus, the problem of characterizing the emerging radiation is solved. In

addition, the calculation of the reflection coefficient proceeds via
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0

J_(0) = - 27w fu@(ﬂ,u)dﬂ
-,
which yields
—B°1 - a’H —. OH - BT

J_(0) = ¢ o o8 TY TCR
where

— 2 1 2

G=Cy-3C6 +35C -%C

—r - 2 - l - 2 -

@ =0 -3C +5C =35Cy

The reflection coefficient is now easily expressed in terms of half-space
material parameters (the o,07,B,87, O and @”) and illumination description

{the I and H) as

- J_(0) .2 BI-om o oH-BI
I L aB” -aB "I of ~aB

An alternative algebraic reduction--
Beginning with the PN—approximation set of couple differential equations

for the functions {Qn(x), n=0,1,2,...,8, i.e.,

d d i
0gg %1 + (@) - @ () + (20 + DI (1-c§_ )2 (x) = 0

withn = 0,1,2,..,,N and ®N+1(x) = 0, another, more direct, algebraic reduction
is possible for problems such as the one just detailed. The approach follows
the general path of that covered in Approach 1 (page 3-13). Specifically,
translational invariance of the equation set suggests solutions of the form

~-x/ %
@n(x) Wn(k)e
In fact, using this form of solution actually generates a recurrence relation

for the "eigenfunction" set {Tn(z)}, viz.

n ?ﬁwl(i)-- (2n +1) (1 - cﬁno)lztwn(l) + (n+1)¥n+l(£) =0
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As written, the relation among the ?H(E) is reminiscent of the equivalent
recurrence relation for the Legendre polynomials. Moreover, since these
solutions will eventually be linearly combined (summed) with coefficients
chosen to match arbitrary boundary conditions, am arbitrary normalization,
say W0(2) = 1, may be employed. The desired function get is then generated

by the recurrence relation, wviz.

H
-

Yo ()
¥, (2) = (Q-e)lZ,

3 2.2
¥, (L) = 5(1-e)2°LL -

M=

3 S5t+4(l-c)
6 ta

= 2(1-c)2353 -
¥ (0) = 3(1-c)87L]

35 yghst _ 35455(1-c) 4252 | 3
¥, (1) = 21-0)a’s} 22(1me) 4252 4

24 8

etc.

and, as expected, bears a resemblence to the Legendre polynomial set. The
PNwapproximation is accomplished by using only n = 0,1,2...,N and setting %N+l(g)
= 0.

It is no surprise that the set {?n(l)} so~generated is identical to the
functions found in the earlier discussion. What, perhaps, is a surprise is
that the previously determined PN-approximation secular equations (condition
for non~-trivial solution) is precisely the same as the relation Tﬁ+1(2) = (.

In fact, comparing the secular conditions and the present requirement yields:

leapprox. secular cond. = [2 Tz(ﬁ) = 0]

Pz—approx. secular cond. = [6 ?3(20 = 0]

Pswapprox. secular cond. [24 Wé(l) = 0}
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It can be shown, with some algebraic effort, that these results generalize to

- = i =
PN approx. secular cond. [(N+1) ¢ ‘PN+1(2) 0]

Since it is relatively easy to generate the set {Tn(ﬁ)}, this is a useful
relation. The existence of the relation lends a sense of consistency to this
method of truncating the expansion of o(x,u).

Source emission distribution effects:

Consider the problem of a single, plane radiation source in an infinite,
homogeneous medium. We shall employ the moments method (Approach 3) to esti-
mate, in a relétively simple manner, the influence of the source angular
emission distribution on the resulting radiation flux.

The flux and source moments have been previously defined as

(o 2
L { 2P (1) &(x, W) dxd“Q
oo 4T
oo
Som = f men(u)s(x,u}dxdzﬂ
~o 4T

If the plane source is positioned at the origin of x, then s(x,u) = s(U)6(x)

and the set of source moments is generated by

+1
Som = 2T f Pn(u)S(u)du = s 8
-1

o

For the purpose of detailing a gpecific problem, consider the case where s(u)

is a symmetric, quadratic function of the direction variable ¥, i.e.,

s(p) = A + Cuz for -1 S HE+1

In terms of the Legendre polynomial expansion of the source emission distribu-

tion,

1 3 3. 2 1
SW =G Sty s W -
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Clearly,
1 S5
A=Zm (5o~ 58
_1s
C=%r S

With the (angular integrated) strength of the source, 849 fixed, the limits
on s, which generate a positive-definite (s(W) 20 for -1 £ U £+ 1) source

distribution are found by requiring A > 0 and s(#l) > 0, viz.

2
A>20 =+ s, g B SO
s(+xl) >0 > g, > = é-s
= 2= 370

Whence, ~sD/5 $8, % 250/5. The limiting cases, depicting the range of
symmetric, quadratic source emission distributions of physical relevance are

illustrated.

/ =g
%

f$a75wynf'c

L
5 5%

>/
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With 8q and 5, (within the required limits) chosen, the source moment matrix

is established, i.e.,

n -
0 1 2 3 .
m
¥ 0 g 0 8y Q
i 0 0 0 0
2 0 0 0 0
3 0 0 0 0

The radiation flux moment set {Qn m} is generated by the previously derived
H

set of relations

m
T 2o+l [n@n-l,mrl + (n+l)®n+l,m—l} + Zt(l_CSno)Qn,m = Sn,m

The resulting low index cormer of the flux moment matrix is

n -
0 1 2
? 0 0 0 ‘fg
Zt(l-c-) L,
: 1 %
1 0 7 Goo*t 2 sy) 0
3z
t
2 S0
2 (1__‘c + 2 52) 0

»
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One technique of using the determined flux moments for practical calcula-
tion purposes is to formulate a guess of the functional form of the radiation
flux and then apply the exact moments in the "optimization" of that guess.

For example, in the present problem spatial symmetries imply that & (%,u) =
¢ (~x,-u). Moreover, previous lectures suggest an exponential form for the

x-variable and a polynomial form for the py-variable. Whence, the guess

®(x,u) = Al =+ BPl(y) + CPz(u)ie:tx/,Q,

where the upper and lower signs are applied to x > 0 and x < 0, respectively.
The choice of using four descriptive parameters (A,B,C,%) is based on the
intention of employing the four flux moments found previously (i.e., @00,
(POZ’ @20 and @ll) for parameter optimization. In detail,

+ oo +1
o= 21 J J P(x,u)dxdy = 8TMAL

00

- -

-+ oo +1 2 3
¢02 = 2m f f x“0(x, M) dxdl = 16TAL

- 0O _1

too 4L 8
= 2T ‘( f P, ()9 (x,p)dxdy = = a4c

20 5
w 1
+o +1 g )
T
<Dll = 2 f [ xPl(u)tI)(x,u)dxdu =5 AL°B
- --l
which yield the relations
3 1/2
' (POZ 1/2 s - 1 CI)OO
2@00 4y 2®02
B= 35— l/2‘1’11 ¢ - 220
00%02 %00
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Using the flux moments derived previously for this problem in terms of the

source emission parameters S and 8y»

B ) s 11/2
L= 3-2 lic + s 2)
3z 0
t
R A S {“1 . 2 s, |-1/2
87 1l-c¢ l}wc s0
2 s 1/2
B = V3(l-c) |—2— 4 —2
1-c s
4]
5
C = 5(l-c) -2
59

These results used in the guessed form for the radiation flux, (x, 1), give
a solution which is optimized in the sense that the moments ¢OO’ ¢b2’ @20 and

¢il are exactly correct.

A comment about diffusion theory——
If, in the above discussion of application of the moments method, S, = 0,
then the results are descriptive of the radiation flux generated by a single,

isotropic plane source located at x = 0. TFor this case

00 © T (1-c) 02 323(1"0)2

from which

®
00 BZt(luc)
where Ll represents (as previously) the asymptotic (actually, only) eigenvalue

obtained in the Pl—approximation.
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It is interesting to note that if a Pl—approximation to the present

problem is used, the result
d(x) = 2o(x) = A exp{—]x[/Ll]

is cobtained. Whence, if <x2>l represents the second x-moment under Pl—theory,

00

-x/L
L} xze 1dx

xr, = - = 2L

I...-J
o
®
1
<
p
.
£
®
o

Thus, <x2> = <x2>l. That is, the rather surprising result that however well,
or badly, the Plﬂapproximation yields valid representations of flux solutions,
or parameters based on flux solutions, it always gives the exact second
x-moment. There are certain physically interesting problems which can be
demonstrated to depend primarily on <x2> (e.g., the probability that radiation
will emerge from a finite slab having been generated in the interdior) and,
these problems are well-described by diffusion theory even when material par-

ameters dictate that the Pl-approximation is invalid.

Numerical Resolution of the Boltzmann Equation

The previous two sections of these lecture notes are devoted to the
description and use of techniques which are primarily analytic. By "analytic"
is meant that results may be formulated in general functional forms which
indicate the influence of relevant parameters on the trend of solutions,.
Numerical evaluation of the analytic results is only required to visualize
the details of these results. In this section, solution techniques are
analytically generated which require extensive numerical computation to yield
any meaningful information. These approaches are termed "numerical resclutions™
and two of them are outlined here. Again, for algebraic and notational sim-
plicity, attention is restricted to the special class of radiation tramsport

problems which are described by the list of slmplifications used in considering
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analytical approaches (viz., items numbered 1 through 8 on pages 3-11 and 3-12
of these lecture notes). The relevant form of the Boltzmann equation is (from

page 3-13)

; czt +1
B oGk + I 0k = > O(x, u)du” + s(x, W)
-1

It is to this relation that the two numerical sclution approaches discussed in
these notes are applied.

Approach 1. The discrete ordinates method:

The primary objective of the discrete ordinates approach is to reduce the
integral term of the Boltzmann equation to algebraic terms. The emission of
particles in collision (e.g., scattering) is described omly in the discrete
set of directions-of-~travel {un, n=1,2,...,8}. With this procedure employed
to reduce the integral term, it makes sense to use the same idea on the other

terms in the equation. Thus, the tramsport equation takes the form

N
d Czt .
un "a"}z q)(xsl..ln) + Zt‘g(xﬂin) = ""2_" E : Wn‘-@(X,un,) + S(X:Un)
n’=1

for n = 1,2,3,...,N

where the w are "weight" functions suitably chosen with reference to the dig-
crete directions y, so as to optimize the summaticn approximation to the actual
integral term. The set {pn,Wﬁ;n=l,2,...,N} is termed the quadrature set and
the choice thereof is important in developing a valid approximation to the
solution of the tramsport equation.

An example of the generation of weight functions is illustrated by the
use of trapezoidal quadrature. In this case, it is presumed that $(x,u) varies
linearly with ;; between any two successive quadrature directions, say Moo

1
and Mg i.e.,
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H,~H
= ——-——-— @ -+ ]
&(x, 1) TR G5 1) mu =T oG, _q)
for un_l Sus un

With this presumption, the contribution to the integral term, f@(x,u’)dy , from the

interva to is
int 1 unwl My

i
}( O (x, 1" ydu” =—(u - l)@(x,u)*- (u Uy, l)fb(x,u l)

Mp-1
Similarily,
pn+1
- - 1 1
SOLUTIAT = 5 QWU L) 5 G ) ()
Hp
and,

these two p~interval contributions contain the only terms in which Slx,u )
appear.

Thus, the contribution to [®(x,u")du” from the quadrature direction W
is

(u 1 nl)@(xu)

and the weight function is identified as

Yo T _{u +1” n 1)

This result only applies to the case of trapezoidal quadrature and is based

on the presumption that ®(x,l) is as illustrated. Other assumptions

B(p/
® I(x )
1 T T T T T H [
-/ A A M3 O

My He Mg FL
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on the functional form, or moments, of ¥{x,u) lead to different quadrature sets.
It is instructive to examipe solution of the homogeneous (s = 0) form of

the discrete ordinates transport equation along the same lines as applied to

the P_-—approximation. The equation is invariant with respect to translation

N

of x which suggests the solution form

BGou) = ¥ e A
Whence,
N
CLE
=22 0¥ ) + 3 = Z v ¥y L) = 0
n’=

for n=1,2,3,...,N

which is a set of N linear algebraic, homogeneous equations in the N unknowns

{ly(.gn].ln), n = 1,2,...,1\1}.
For the purpose of clarifying use of this result, consider details of

the problem characterized by N = 2, 1, = —Hos and w, = w, = 1. The discrete

1 1 2

direction symmetry chosen is as illustrated

where 81 = T - 82, My o= cosel, Hy = cosez. The equation set now has only the
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two members

erz,
{yl - 22t(1~6/2)]w(£,u1) + w(ﬁspz) =0

CLI, .
[y = &2 (1=c/2) J¥(R,1,) + —5— ¥({&,u) =0
Using W, = ~ W, and requiring non-trivial solutions for li’(»'3:,311) and W(Q,Uz)

generates a secular equation with solutions

£ = %L where L=+

The eigenvalues (+l) can be set at a desired value by suitable choice of the
quadrature direction My« For example, if My is chogen to be l/JE.(which
corresponds to 82 = 54.7°), then L = Ll’ i.e., the Pl~approximation result.
In a later section of these notes the solution just obtained (i.e., for
N=2, B = My Wy = W, = 1) will be applied to a specific physical problem.
Here, it is of further general clarification of the discrete ordinates idea
to consider the discrete l~dependence of the radiation flux for positive x,

i.e.,

@(x,pl) = A ?(+L,u1)emx/L

L

[

0%, 1) = & YL, p)e ™/

A description of interest is the flux "angular spectrum" which can be expressed

by the ratio @(x,pz)/é(x,Li), i.e.,

2(x, 1) YL 1) e/2
We, 1) T WELW) T Tee/D) - e

which is surprisingly independent of the choice of i-quadrature {i.e., yz).

However, as expected, the illustrated graph of the angular spectrum is generally
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%ffffizﬁij #0
P(Hs)

Z0

greater than unity, approaching unity as ¢ + 1 and approaching unbounded
value as ¢ +~ O (which would yield no radiation in the ulmdirection).

To this point in this discussion, the discrete ordinates method has been
presented as based on transformation of the direction-of-travel variable, u,
to discrete form leaving the position wvariable, x, in continuous form. The
motivation for such a presentation is primarily for comparison with previously
discussed analytical resolution approaches. We now proceed to the equation
forms which are usually numerically resolved with the aid of digital computers,
i.e., a discrete treatment of both U and =x=.

Discrete ordinates method with discrete position variable--

The radiation flux, evaluated at discrete values of both direction-of-
travel and position, takes on the indexed form é(xm,un) which is reminiscent of
the radiation flux moments Qnm' As is the motivation in the development of
the moments method, the full discreétization of the flux specification is
performed with the purpose of developing a strictly algebraic set of relations
which can then be resolved by digital computation procedures.

The operation applied to the x-variable which must be transformed to a
discrete form appears in the "flow term," u d®/dx. In discrete terms, a

possible formulation is
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¢
d2(x, 1 ) . (I,

dx xm+1 - X

) - ox ,u)

and the discrete ordinates equation can be expressed in the form

Olx ., M) = &(x ,u )
m+l’ "n m’ ' n ey
un x - x + Zt Q(Xm’un)

N
cEt . _
= Zuq- W @(xm,un,) + s(xm,un)

forn=1,2,3,...,8; m=1,2,3,...,M1

The notaﬁion'a(xm,un) indicates that it is appropriate to perform an averag-

ing process over the x—interval X to x in expressing such terms. For

w1

example, presuming that ®(x,un) is approximately linear in x over the inter-

HA

val X 3% fx 1 would indicate

12y

T ) - ‘i’(xmﬂ,ﬂn) + Q(xm,un)
m*% 2

It is unnecessary to make any assumptions regarding s, that is the averaging
process for radiation source terms since, s(x,H) is presumed to be a given

function and the evaluation of Ekxm,un) should proceed via

Tl
—_ f S(Xsu )dx
S p) = —B D
bl *n

The discretized transport equation has been reduced to the form of N(M-1)

linear, coupled, algebraic equations in the NM unknowns
{o(x 1 ); n=1,2,...,8; m=1,2,...,M

For each discrete direction-of-travel, un’ the radiation flux is illustrated
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@(Xm J/‘n) ’

N
L]

As indicated, the positions x, and x, are usually asscociated with actual

1
physical boundaries (they are always associated with boundary conditions).
The incoming radiation flux at the boundaries generate boundary conditions

for the discrete flux of the form

elxpu ) =¥ (x), n=N +1,...,N

it
H]

1,2,...,N”

@ (1) 1PI,L(xM) , n

where the ?n(xl) and Tn(xM) are either given incident flux conditions or are
derivable from fluxes other than those in the above boundary sets, and N~ < ¥
is determined by the largest value of n such that un <0 (i.e., ¥, through

Y. 7 are negative and U

N through u

N+l y are positive). With the N boundary
conditions specified there is a total of NM equations in the NM unknown
Q(xm,un) and solution.should be possible.

A solution strategy for the discretized equation--

Since the flux induced emission (including scattering) and radiation

sources are employed in the same manner in the iterative solution strategy

outlined here, use the notation
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cXt N -
Qnm TG :E: wn‘{(pn",m-*-l + CI’n‘,m} + Som
n’=
and
(I)nm = (me ;Jn)

which should not be confused with the same notation used earlier in these
notes for the radiation flux moments (page 3-17). The discrétized transport

equation, rewritten in these terms, is

Qn,m+l - Qnm Et

m

form=1,2,...,N; m=1,2,...,M-1

where Axm = - X, and the boundary conditions become

1

]

N/2 4+ 1,...,N

il

éh,l ?ﬁ(xl), o

i
0

P 1,2,...,N/2

n,M wﬁ(XM)’ o

where for obvious symmetry advantages the quadrature set {yn} is chosen such
that N is an even number and “1 = - pN, uz = uN»l""’ ule = - BN/2+1' Two

forms of the discretized equation are useful, viz.

Y

i- ZtAmeZun

¢ ¢ +

n, k] 1+ ZtAxm/Zun nm Et/Z + un/Axm
5 _ 1+ Zt&xm/Zun . . Qnm
nm 1 - ZtAxm/ZUn n,mtl Zt/Z - un/Axm

To describe the particular solution strategy presented here, it is useful
to detail a problem which is, at least, specified by a given class of boundary

conditions. To this end, consider the problem of a slab of uniform material
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illuminated with a given radiation flux on the face x = 0 and occupying the
region 0 $ x £ X. At the face x = X, a specific reentrant (or, non-reentrant)

flux condition is imposed. The general problem and specification of position

»

g ,
/L/ow"j ERCOUS @A iitiry ’ \\
. s/24 /“{//
Crver - 15 Grves
P : 2 Feen ran?
£/ cdx  dx  dx dix | Conditroe
(7@ 4 , . ""Jr-" k}Lﬂ ol -e--!E >____/</a<£7
sy L |
0 </M . 1 1 3 - . ! F X
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mesh points (with uniform spacing Ax = X/(M-1)) is illustrated. With the
previously mentioned condition of N even and a symmetric U-gradrature set,

the boundary values at x = 0 can be expressed as

© . =Y, n=N/24,...,N

where {Wn; n = N/2+1,...,N} describes the illumination radiation flux. The
boundary condition at x = X is described when it is required in this formulation
of a solution strategy.

The starting point (or, zeroth-order interation) of the solution is to
select (guess) a set {Qnm; n=1,2,...,N; m=1,2,...,M-1}. To signify the
iteration index, denote this set {Qum(O)}. Actually, it is presumed that the
Eﬁm contribution to Qnm is given and thus the selection is for the remaining
radiation emission term (e.g., a possible guess is Qnm(o) = ggm 4+ K). The

iteration strategy is accomplished as follows:
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1. TUse the "forward progressing" form of the discretized transport

equation, il.e.,

] ) 1 - ZtAX/2Bn s . Qnm(O)
o, ol 1+ ZtAx/2un nm Zt/2 + un/Ax

forn=N/2+1,...,N; m=1,2,...,M-1
Denote the results of this calculation @nm(l) signifying the results of the
first iteration (note, only for the forward directions un > 0).

2, The last calculation of step 1 determine

@nM(l), n = N/2+1,...,N

which are the emerging (transmitted) radiation fluxes of the first iteration,
forward calculation. The boundary conditions at x = X are applied to these
flux values. TFor example, if an operator @ describes the reflection proper~

ties of the space in the region x > X, then

2 1) = aH(IDN_*_l_n,M(I)}I, n=1,2,...,N/2

which provides an "effective illumination' on the slab face at x = X for

continuation of the first iteration calculation.

3. Use the "backward progressing"” form of the discretized transport

equation, i.e.,

T .
) 1+ _t.Ax/zun . . Q. (O
nm 1~ ZEEM/ZMH n,nrkl Et/2 - Lh/Ax

for n = 1,2,...,N/2; m=M-1, M-2,...,1

Denote the results of this calculation @nm(l) which completes the first
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iteration flux results by supplying the components n = 1,2...,N/2 (i.e.,
U < 0) at each position X The values of @nM(l) forn=1,2,...,N/2 are

determined in step 2 and the Qnm(O) have already been selected (guessed).

4. The second iteration begins with determining an updated value for

the set {Qnm}’ i.e., with obvious notation

N
_ th
Qnm(l) " "Z“'n,_l Wﬁ’EQHJ,m+l(1) * Qn',m(l)]

Steps 1 through 3 are then applied to generate the set {@nm(Z); n=1,2,...,N;
m=1,2,...,M}, and, the iterative strategy is established.

Illustrative examples of the "albedo" operator, o, are helpful in under~
standing the role of boundary conditions at x = X in the iterative process.
Three relevant cases are!

A, A non-reentrant surface at x = X, i.e,, the condition that @nM =0
for n =1,2,...,N/2 independent of the iteration. TFor this case o is just the
zero operator.

B. "Specular" reflection at x = X is described by requiring that the
emerging flux QnM for (N/2 + 1) £ n £ N only acts a source for the symmetric
guadrature direction My+1—n * Thus, independent of the iteration, the set of

relations

=0a o forn=1,2,...,N/2
cI:'nM n  N¥L-n,M T ’

with each o < 1, describes the reflection at the surface x = X.
C. "Diffuse" reflection at x = X is described by requiring that the
emerging flux @nM for (N/2+1l) g n £ N acts as a source of equal intensity

for all the reentrant directions (i.e., Mo, 0= 1,2,...,8/2)., Thus, inde-

pendent of the iteration, the set of relations
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N/2
= = 2 " eay 2
®am T % §:¢N+1-n‘,1»1 forn =1,2,....N/

n-=
with each o, < 1, describes the reflection at the surface x = X.
The solution strategy progression of calculation is illustrated for the

three boundary condition cases at x = X for the particular choice N = 4 and
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Approach 2. The Monte Carlo method:

The method cutlined in these notes (pages 3-4 through 3-6) under the title
"orders-of-scattering” suggests another numerical approach to solution of the
transport equation. Recall that the successive scattering method is based on
initially calculating the uncollided flux, @0(5), by a convolution of the
free~flight Green's function, GOQE,Ef), with the source density, s(x”). This
result provides a means of calculating the first-scattering density, i.e.,
ZSQO(E), which, in turn, provides a source for the once-collided radiation flux,
¢l(£), which is calculated by a convolution of GO(E;ET) with Zséo(gf). The
process 1s continued to determine the twice-collided flux, @2(5), the thrice-

collided flux, @B(g),letc. “The total radiation flux, ¥(r), is given by
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M
o(x) = Z o (x)

m=0

where the value of M for valid truncation of the sum depends on the value of
¢. This method of determining ¢ (r) is based on progressively following the
expected trajectory histories of particles as they "migrate'" through a medium
from their point of "origin" at a source. The Monte Carlo numerical approach
is based on a similar tracing of the path-~histories of particles, but, in
contrast to the orders-of-scattering method, the point-of-view is to simulate
the statistical interaction sequence by a numerical analog experiment.

Suppose that we have the means to generate random numbers, &, in the range

Q £ & 1. Another way to express this is that the probability of choosing &

A

in the interval df about £ is independent of the value of &, i.e., if

P(£)d§ = the probability of choosing the value
of the number £ in the range & to § +

dg,

then, P(£) = 1 for 0 < g < 1. In order to use our random number generator for
the purpose of simulating radiation travel and interaction, relations must be
developed which couple the statistical aspects of the physical process to the
probability distribution P(§). As an example, consider the freeflight travel
of a particle in a given direction in a homogeneous medium from a point which

we arbitrarily designate as the origin of distance coordinate r. If

p(r)dr = the probability that a particle will suffer
the first collision (after leaving r = 0) in
the distance interval r to r + dr,

then, it has been often used in these notes, that p(r)dr = Et exp(—ztr)dr. We
would like to find the transformation r(£), i.e. £ + r, such that P(E) gen~

erates p(r). Thus,

dr

dg

for 0 ¢ £ 5 landr 20

P(g) = p(r) =1
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Whence,
SEl = p(r) = I, exp(-I1)
E(r) = - exp(-I.1)
£.x(8) =- ng

Similar to the discussions on page 1-8 of these notes, a graph of Ztr(E) il-
lustrates the idea of using a random number generator to simulate a physical

process (in this case, free-flight transport). Note that random

¥4

L8] 2 L

numbers in the range 0 < £ < 0.1 yield values of free-flight distance, T, in
the range -~fn 0.1 = 2,3 < Ztr < @3 random numbers in 0.1 < § < 0.2 generate
1.6 < ztr < 2.3; random numbers in 0.2 < § < 0.3 generate 1.2 < Ztr < 1.6;
etec., Since P(E) is a constant, the first—collision density, which 12 pro-
portional to the uncollided particle flux,is maximum at r = (0 and monctonically

decreases with increasing r, viz, the decreasing exponential function exp(—Ztr).
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Expanding these ideas to describe particle emission direction probability

densities, consider the case of isotropic emission, i.e.,

_ 1 I R
p(M,$)dudd = 7— dudd = 5 du 5= d¢

where 1 = cos@ is the polar scattering angle direction cosine (-1 < ¥ < + 1),
¢ is the azimuthal scattering angle (0 < ¢ < 27), and identification of 1/2
with dp and 1/27% with d¢ is justified by the part of the normalization which

comes from each variable, i.e.,

p(u)du

I
rofE
.
i~

it

q(¢)d¢ 57 do

P(us ) p(wal¢)

We require the transformations u(g), i.e., £-yu, and ¢(n), i.e., n + ¢, which
yield the direction-of-emission distributioms, p(u) and q(¢), from the random

numbers £ and n. Note that
- NS
P(E,M) = p(1, ) IJ(;:——Q)I =1

is simplified to

P(g) = p(u)l%% =1
Qmy = q(4) [—j—% -1

since y and ¢ are independent descriptors of particle emission. Whence,

’%ﬁ' = p(w =-%
EG) = 5 (u+ 1)
u(g) = 2 -1
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and,
dn| _ _ 1
igE =q(d) = 5=
n(¢) = %-;;cp
o(n) = 2m

a3

In terms of the illustrated coordinates (with bases vectors él’ €ys 63) which

~

relate pre-colligion direction-of-travel, 1”7, with emission direction, I,

Ql = sinfBcosd
92 = ginBsind
AL é fd; = cosé

and the direction cosines of a particle emitted from a collision are established.
The values of 6 = arccosy and ¢ are generated from the respective random vari-
ables £ and n via the transformations u(&) and ¢(n). It should be noted that
for the case of isotropic emission (and, only for that case) the coordinate
bases set (él,éz,éS) may be chosen with a fixed relation to location coordinates,

¥r. For example, using the illustrated conventional relation between

&
z
|
A 2 = ginBcosd
& O '
>
]
<— :,__ é} Qy = ginfsin¢
é‘ =l
b4
@ Qz = cosd
Ay
¢

Cartesian location coordinates (x,y,z) and spherical polar direction coordinates
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o~

(8,¢), the emission direction, £, has the indicated components.

Point source emission directional dependence, s{u,$}, also yields trans-
formations between random variables and direction cosines. For sources, the
ceoordinate bases set is always chosen with a fixed relation to location coor-
dinates, r, e.g., (%x’%y’%z) as indicated in the illustration for isotropic
emission.

At each collision a decision must be made as to what particular inter-
action type occurred. Suppose that there are I iInteraction types possible
indexed by i = 1,2,..., I, and described by the cross sections Ei. The

probability that a collision (which has occurred) is of the i-type is

g = Ly/%, where L = E : L

i=1
The transformation of random variable, &, to interactiom type, i, is relatively

P

easily accomplished. With the definition of random variable limits

i

E(1) = E : Py

j=1
the random variable range 0 £ £ Z(1) indicates that a l-type interaction

occurred; the range £(1) £ € § £(2) indicates a 2-type interaction;...and the

range £(I~1) § £ & 1 indicates a I-type interaction.

Application of Numerical Methods

It is significantly more tedius to detail application of numerical resolu-
tion techniques than is the case for strictly analytical approaches. Not
only in the demonstration of validity, but also in just obtaining anything
but trivial results there is usvally a requirement of extensive calculation.
This can be reasomably accomplished only on digital computers.

Use of the discrete ordinates approach will be focused on the calculation

of a homogeneous, half-space reflection coefficient and the procedures and
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results may be compared with the PN—approximation application to the same
problem. The Monte Carlo approach will be discussed as applied to the deter-
mination of the radiation flux generated by a point, isotropic source in an
infinite, homogeneous medium.

Reflection coefficient of a half-space:

Consider, once more, the problem of a radiation flux illuminating the

plane surface of a homogeneous half-space with a prescribed angular descrip-

tion,

d(0,u) = ¥(u) for 0 < p < +1

The specific example of the discrete ordinates method discussed in these notes
on pages 3~42 through 3-44 (i.e., N = 2, Hy = = Uy, Wy =W, = 1) can be
applied to the determination of the reflection coefficient. Using discretiza-

tion of only the U-variable, the radiation flux for positive x is given by

B(xuy) = A ¥(+Lude /!
o (x,1,) = A ‘P(+L,u2)e"X/L
where
M
[
Etv1~c

and, the discrete angular-dependence ratio @(x,uz)/¢(x,nl) is given by

YL, u)
c/2

(1-c/2) - ¥1-c

As 1s the case of the Pl—approximation approach to this problem (pages
3-20 through 3-24) we usually face the situation of not being able to exactly
meet the illumination boundary condition with the required general solution

form obtained for the approximation. For the Pl-approximation it required
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the fortuity of a special linear u-dependence to exaxtly meet incident boundary

values. Here, only the "monodirectional" illumination case of
YW = C S(u-u,)

vields point~wise agreement between incident flux and required solution form.
The alternative, practical approach of employing intuitive relations between
the given ¥(u) and the required form for ®(0,) can, again, be applied, e.g.,

+1
J+(0) = 2ﬂu2®(0,g2) = 2% i Wwduy =1

That is, the equivalent of the current condition suggested for the Pl~approxi—
mation.
Using the arbitrary normalization ?(+L,ul) = 1, the present general solu-
tion form, and the incident current condition,
2ﬁu2 Ac/2

J (0 = = I
(1-¢/2) - V/i<c

and, the radiation flux for x > 0 is given by

_ (A-c/2) - A1- -x/L
(x, 1) = °m2 < 1e®

1 T e—x/L

i

®(x, 1y)

Moreover, the reflected radiation current at the medium surface, J_(O), is

then given by

J_(D) . valcp(g’ “1) =(l"c/2c):/£ Jie .

where the condition L R has been applied. The reflection coefficient

is thus

O ey - AT
I e/f2
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It should be noted that this result for R is independent of the particular
Incident flux boundary condition chosen to determine the radiation flux.

This is analogous to the same situation found in the P_-approximation (and,

1
the Pz-approximation) where only one useful eigenfunction allowed little
flexibility in solution form. It is, perhaps, surprising to f£ind here that
R is independent of the choice of Uy (or, equivalently, L).

The illustrated curves of R as a function of ¢ for the P,-approximation

1
and the present discrete ordinates approach provide - a comparison between
the two methods for this type of problem. The complete breakdowm of the

Pl—approximation for low vlaues of ¢ is expected and ig briefly predicted in

the discussion on page 3-24.
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Radiation flux from a point source:

Demonstration of a complete Monte Carlo approach to solution of a given
physical problem requires extensive numerical calculation. Such is considered
outside the scope of these lecture notes. To indicate the steps required in
an application, an outline of the sequential procedure is presented here.
For the sake of notational simplicity, the simple problem of determining the
radiation flux resulting from a point, isotropic source in a homogeneous,
infinite medium characterized by the two interactions, capture (nonproductive
absorption) and isotropic scattering,is presented.

The sequence of decisions required to perform a Monte Carle simulation
of the point source problem is illustrated by the indication of a possible
trajectory emanating from the source location which is chosen to be at the
origin of r-coordinates, i.e., point 0. With reference to the illustrationm,

the Monte Carlo approach steps follow:
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Two random numbers are generated, say EO and Ng> which establish

the emission direction, QO’ via the transformations derived on pages
3-54 and 3-55. Specifically, Hg = 2 EO~1 and ¢O = Zﬁno. Note that
the fineness of the mesh describing emission directions, ﬁO’ depends
on the number of significant digits retained in the specification

of the random numbers, e.g., random numbers generated as 0.00 to
1.00 yields 101 possibilities for Hy and 101 possibilities for ¢0,
whereas 0.000 to 1.000 yields 1,001 choices for M, and ¢0.

One random number is generated, say EO’ which establishes the first
free-flight distance-of~-travel, Rb’ via the transformation derived on
page 3-53. Specifically, ZtRO = ~ fn EO' Note that the location

of the first eollision, Iy is easily determined by the relations

Xy = Rosin60c05¢0, Yo = Rosineosin¢0, and 2y = Rocoseo {where 90 =
arccosuo).

One random number is generated, say XO’ which establishes the type
of the first interaction. Using the notation discussed on page 3-56,
let x(1) represent the ratio 5S/Et (rounded off to the number of
significant digits in the random number generator). Then, following
the ideas expressed on page 3-56, if Xb £ X(1) the collision is a
scattering and we proceed to step 4; if Xb > X(1) the collision is a
capture and the simulated history of the first emitted particle is
terminated (indicating a return to step 1 and emission of the next
particle). In either case, the collision is recorded in a manner
that both r

e}

lated particle trajectories have been completed, the sum of all the

and ﬁo can be recalled. Note that after all the simu~

collisions which occurred in a volume Aaro about X, with pre-colligion

direction-of~travel in A290 about QO will establish the radiation
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flux at (Eo’ﬁo) via, ZtQ(EO,ﬁo) is proportional to the collision
sum.

4. Two random numbers are generated, say 2y and ny» which establishes
the first-scattering direction, ﬁl’ via the transformations yl =
2&1 - 1 and ¢1 = Zﬂnl.

5. One random number is generated, say El’ which establishes the second
free-flight distance-of-travel, R,, via the transformation EtR1 =
- RnEl. The location of the second cellision, I;s is determined by
the relations X = %y + Rlsinﬁlcos¢l, v =Yg F Rlsinelsin¢l, and
z) = zy + Rlcosel (where 61 = arcm:sul). Note that the simplicity
of these expressions is a consequence of the presumption of isotropic
scattering.

6. One random number is generated, say Xl’ which establishes the type
of the second interaction. Specifically, if Xl < X(1) the collision
is a scattering and we proceed to step 7; if Xl 2 X(1) the collision
is a capture and the simulated history of the particle is terminated
(indicating a return to step 1 and emission of the next particle).
Again, in either case, the collision is recorded such that 51 and
ﬁi can be recalled.

7. Steps 4 through 6 are repeated requiring random numbers 52 and A
to establish ﬁz, random number 52 to establish RZ’ and random number
Xy to establish the interaction type for the third collision. The
location of the third collision, Iys is determined by the relatioms
X, = x) + stinezcos¢2, ¥, = ¥y + R sinezsin¢2, and z, = z; +
chosez.

Thus, the Monte Carlo simulation proceeds following each emitted particle

through its "life history" which terminates when the particle experiences a

capture collision. As indicated previously, the radiation flux is determined
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{after a large number of particle histories have been generated) by the rela-
tion
Zté(E,Q)ASrAEQ is proportional to the sum of recorded

collisions which occurred in A3r about r

with pre-collision direction-of-travel in

&ZQ about .
Generalization of the ideas to more realistic problems is straight-forward
but usually algebraically complicated and tedious. Since many particle
histories are required to generate useful information, the computatiopal
costs (use of a digital computer) is usually high. Several strategies are

employed to emphasize the radiation of particular interest in a given problem.



PARTICLE ENERGY SPECTRUM RELATIONS

Classical Equilibrium Distributions

Consideration of the E~dependence of particle distributions can proceed
directly from the transport equation and such will be accomplished later in
this section. Energy spectrum formulation is often more difficult to visual-
ize than configuration spatial distributions~-thus, let us begin this dis-
cussion with some of the more directly addressed problems. One of these is
the derivation of thermodynamic equilibrium partdicle distributions. TFor the
moment defime "equilibrium” for a particle distribution as:

1) Steady state, i.e., t-independence

2) Uniformity, i.e., r-independence

3) Isotropic motion of particles, i.e., Q-independence.

Whence, with this definition, n(xr,v,t) = n(v).
Maxwell-Boltzmann distribution:
The method employed here is based on a variational technique used in

Maxwell's original derivation. Use Cartesian v~coordinates, i.e., v =

_ an an an
(vx,vy,vz) and let dn 5;;-dvx + 5;;’dvy + 5;; dvz

Assuming that n(v) is separable in the form n(v) = nx(vx)ny(vy)nz(vz) yvields

dn _ 1 T + L Sy dv. + —= e dv
d
n nx vx ny dvy v nz dvz

Consider a special change in v such that v is a constant, i.e.,

2 2 2 2
Vi v 4+ v = v = con
x ¥ z stant

4-1
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For such a change in v,
1. dn = 0 since n = n(v)

2. 2vdv + 2vdv + 2v dvy = 2vdv = 0
X X vy z Z

Note that only two of the dvi are arbitrary (i.e., independent)., With this
change in v,
dn dn dn

dv 4 Loz dv = 0 and
nz zZ

2ov dv_+ Zov dv + 20v _dv_ = 0 for an arbitrary constant o. Whence,
X OX y v z z

dn dn dn

F =X 20w, + G L 42w )dv + (= —E + 20v )dv = 0
;i dv X x n dv v oy n dv z z
X X 4 14 z 2
1 9oy
Choose i such that one of the — —= 4 20v, = 0 and let the remaining two
n, dvi i
1 dnx
dv, be arbitrary, e.g., choose ;¥ such that —~ ~—= 4+ 2av_ = 0 and let dv_and
i n dvx x vy
1 4oy
dvz be arbitrary differential variatioms. The implication is that o v
i1

Zavi =0, 1= x,v,z, and thus, ni(vi) = Ciexp{-aviz]. Finally,



2
= - =Qy . _ .
n(v) = n.x(vx)ny(vy)nz (vz) Ce in Cartesian v-space coordinates.
Evaluation of the constant C -~

fn(y_) d3v here becomes

=
[

=4
]

+o0 oo -+oo 2 2 5
. . . .
f f f Ce[-a(vx + vy + vz)} dvxdvydvz implies C =) N

oo oo o

Have used the gamma function defined by

T(x) = fm uxrl e Vdu, x> 0O

0

and the properties

T(x) = (-1 {x1)
P{m) = (m~1}! m = integer > 1
T(s) =+

The classical equilibrium distribution is therefore given by

3fa o F

aw = @& N

Quasi-equilibrium classical distribution --

If n(r,v,t) is a "slowly varying" function of (r,t), then

/ e
Fownt) = @ N e

Recall that this resulf is in Cartesian v-space and thus might more appro-

priately be written

ijz
P ..{'}. - 2 2 2
n(_:;,,vx,vy,vz,t) ) N(r,t) expl[-alv] + vy ¥ v.)]
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In spherical polar v-space coordinates, (v,8,¢),

Whence,

n'(v,8,¢) = v*sing n(vx’vy’vz)

2
a' (2,v,8,0,8) = /% Nz, ) v2singe™

Particle speed distribution:

T or2y
o, = [0 [T a0 asag
o 0
i.e.,
o, 3/2 v (TR
n, (v) = () /2 gwle ™ f { sin0dBd¢
o 0
Note that
mor2m 9
[ [ 5infdode = [d = am
~1/2 32 J—
n ) = a7 Q7 e
2
2 ~Xv
- /—~—ﬂ,/v/~v e
‘b\ 2
A #1 (V) e“a“/ Considering the relevant volume
. element for each case helps explain
R the different spectrum appearance,
g v
i vel/. e/.
i ¢;Z/F~145f-fafbj
\_:‘“
v
v by
. )l \: /,f'j
) P
V s s
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Moments of the speed distribution --

v = %- J vnl(v)dv = ﬂmwgyﬁy
o {(rrat)

|
f

1 -2 m
N {n Iy nl(v)dv i 5

Note that this relation will occur later in these notes as an identification

of the constant &, i.e.,

-3
A

Filig

Particle energy spectrum:

() = dv
n'(E) = n, V(D] 3

3/2 1/2 _
- R I N

Particle pressure:

Rate at which particles in d3v
strike dzs, as in the derivation
of particle current relations,

is given by n(g)dBV E}édzs

However, here assume that particles do not pass through dzs but are instead
reflected. Presuming "specular reflection" (as illustrated), the particle

momentum change in the surface collision is - 2mvcosfg, i.e.,

ZID.'_V_- é (-@) .

The magnitude of the force on dzs is

z
2m(v+8) n(v)d’vd®s,
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Thus, with p representing the pressure

p = [ 2m(y &) *n(y)d’v
vee>0

Case of an isotropic distribution —-

p= 2m f v'&)? a(wndiv

vre>0

where n{v) is expressed in Cartesian v-coordinates. With the integration

expressed in spherical, polar coordinates (2 as the polar axis),

nj2 r2W
2m fm I [ (vcose)zn(v)vzsinﬁdvd8d¢

=
0

0 b o
= %- fw vznl(v)dv
0

N

e B Ty
3 v

WiN

In particular, for the case of a clasgssical equilibrium distribution

_2 Sm, . Nm
p=3 N G5 700

Moreover, the "perfect gas law,' or equation of state is p = NkT, where the

Boltzmann constant is

1.38 x 100 erg/ox

e
i

i

8.62 x 107 ev/°K

and T is the "absolute temperature" of the particle distribution (in °K).

Whence,



and, as a function of T,

3f2 2
_ o -nv* /2kT
n(vx’vy’vz) =N ZHkE)

af2 2
n'(v,8,¢) =n¢2$kT) visinfe ™ /2T
) = MRy P g~V /26T

0y (V) = NGrg)  4mvie
, ~ 1.3/2 9 1/2 /2 _gpqp
n'(E) = N(ﬁﬂ@) 4&5) E e

Elementary Quantum Statistics

The classical equilibrium distribution is actually a limiting case (the
classical limit) of more fundamental particle distributions. Because the
energy states and energy exchanges in interactions for individual particles
are of such small magnitude, the effects of the quantum (discrete) nature of
energy exchange must be taken into account. In these lectures a heuristic
derivation of such quantum effects and the resylting particle distributions
are presented.

Quantization rules:

Wilson-Sommerfeld conditions —-

Consider an independent set of coordinates x, which specify the configur-

i
ation of a system. If the forces acting on the system are comservative, then

can define a set of generalized momennxpi by

d

Py = E@xx) *
X%,
i
where E is the system kinetic energy and %i =-§% Xy Moreover, if the sys-—

tem configuration is periodic (d.e., Xy and p; are cyclical) then the "allowed"

trajectories must satisfy a quantization rule jbidxi = aih where the integra-

tion is over a complete cycle of motion, ui is an Integer, and Planck's
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constant is

- 6.63 x 10727 erg-sec

=
f

4.14 x 10_15 ev-sec.

Examples ——

1. One~dimensional motion of particles between elastic walls,

Z G B = ok’
72 7
";/ @ ;;', ’; .}-“X I N - -
L X v mplies p = mx
7 a Implies E = £
o X P 2m
‘s
HZm £) )
Periodic trajectory p = p(x) is
Y — as illustrated. The quantization
X

implies that the shaded area (en—

-—
(;'”éj closed by the trajectory) is ah,

i.e.,

242
@ a =0,1,2,...

Energy state separation 1s given by

AE =E _-E = Qo+ Dp? -, dE _ 2oh?
o+l "o 2 do 2
8mX 8mX

Note that the classical limit of continuously distributed allowed energy
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states is approached if either m or X is "large." Of more significance,

ELL L as o v

E

2. Three-dimensional motion of particles in an elastic box.

Z j %= (X,7.2)
£ - k= (%,3,2)
() _x
o
21 L.z o2 .2
,{7 E Tﬂx + v+ 27)
/ L hJ -
e (/// Implies p, = mk, py = my
< -
o L X P, = mz

Quantization rule implies that

axh O h O h
= —— = u-—-—-—z
Py ™ T2Lr Py T L e PR T TOL
Whence,
2 2 2417
o o o
. _ ( : + + z)h
o oo
XV z 8mL>

Particle spin —-
In order for quantum mechanical arguments to yield meaningful predictions
when applied to particle groups, it is required that certain particle types

have an intrinsic angular momentum of fixed magnitude. This magnitude can

have the values

[s(s + 1) G *
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where s = 0, %-, 1, 33 ... is termed the particle "spin."
particle spin
electron ‘%
proton %-
neutron %
photon i
{nuclei, ions, atoms molecules %3 33 §3 e

odd no. of elects., prots., neuts.)

(nuclei, ions, atoms, molecules
aven no. of elects., prots., neuts.,) 0, 1, 2, 3, ...

Spin states -—

There is a "quantum number' associated with the spin orientation and
this number can take on only 2s -+ 1 values (except for a photon where there
are only 2 possible spin states with s = 1). An energy state is specified
by trajectory quantum numbers and spin quantum numbers (e.g., for non-inter-
acting particles in a box Gk, u&’ dk are trajectory quantum numbers and for

each set there are 2s + 1 possible spin states).

Pauli exclusion prineciple =
No two particles with half-odd-integer values of spin, s, can be in the
same energy state (e.g., for non-interacting half-odd, integer spin particles

in a box there are at most 2s + 1 particles with the same values of Gk, G&, dé).

Thermodynamic probability:
Particle distribution in energy ——
Denote the permitted energy states of a system of particles by the set

{E, i=1,2, 3, ...} and the particle population corresponding to each

i
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state by {ni i=1, 2, 3, ...}

! | | ' i
: @ i @ i
@ & @ » | @
i ‘ o @ __| -
| | | |
éi ‘é.a &J é—y’ é; ‘£:5 ‘é;" Ag
f?/:/ HZ:E /’{3=a V?‘/r/ y;é:. ﬂg-:-/
Mo = & b1 T O

Recalling the results for particles in a box of side L, E =

& h?
4ml?

AEa = 0(10“17)a ev. Presuming that following energy exchanges of such

For L = 1 cm., and m = 10724 gram (ca. nucleon mass),

and AE& =

small magnitude is not of interest in the particle distribution problem, a
method of conglomerating individual energy states into groups of more signi-
ficant energy separation is considered. In the "macrostate" description,
the particle occupation population is the sum of the actual energy state

occupation numbers, n,, over each conglomerate, e.g.,

PR SRS

|
|

’z /3 /9 20 Z8

~
| SU— L i - T
| E




4-12

The marcostate is described by the set {Ei, Ni i=1, 2,3, ...}. Note

that each macrostate is generated by many possible "microstates” which are

described by the set {Ei’ n, i=1,2,3, ...}

Ergodic hypothesis -~

Every microstate {(consistent with any restraints on the particle system)
is equally probable. Restraints on the particle system are such conditions
as a fixed total number of particles, or a fixed total particle kinetic energy.

Particle distribution in macrostates ~-

With every microstate presumed equally probable, the relative probability
of finding the occupation number Ni in the macrostate Ei is proportional to
the number of microstate occupation possibilities consistent with (Ni’ Ei).

Let W(Ni) represent this number of possibilities. The "thermodynamic prob-

ability" of an occupation complexion is defined as
iNDb = TNy,

Role of restraints —-
As an example, consider the case where the total particle population and
total particle kinetic energy are fixed values. Then, certainly the range

of possibilities for {Ni’ Ei} is restricted by the constraints

? N =

L]

total population

E N; E; = NE = total kinetic energy

if there are further dynamic constraints, they must also be included.
Expected particle distribution:
The "expected” particle distribution is given by that occupation com- .
plexion {Ni} which maximized W({Ni}) consistent with thg relevant restraints
on the system. Equivalent, and more convenient to apply, is the maximization

of fn W{{ Ni}).
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In order to accomplish the determination of w(Ni) and thereby W({Ni}),
denote the number of microstate energy levels {Ej} in the ith macrostate level
(i.e., at Ei) by ﬁ&. The counting procedure employed to evaluate W{A&) de-
pends on the set of restraints on the particle system as well as a presumption
on whether or not particles are distinguishable (i.e., in principle, can be
labelled). Accordingly, different forms for the particle statistics emerge.
In these lectures three forms are developed:

1. Fermi-Dirac statisties.

a. indiétinguishabla particles.
b. half-odd-integer spin.

¢. N fixed.

d. NE fixed.

2. Bose-Einstein statistics.

a. indistinguishable particles.-
b. dnteger spin.
c. N fized.
d. NE fixed.
3. Boltzmann statistics.
a. distinguishable particles.
b. integer spin, or exclusion volume of particle occupancy.
c. N fixed.

d. NE fixed.

Fermi-Dirac statistics:
A "Fermi gas" is a collection of particles with the properties

1. they are indistinguishable (i.e., even in principle they
cannot be labelled.)

2. half-cdd integer'spin,

3. f£ixed total populatiom N,
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4. fixed total kinetic energy NE,

5. contained in a2 box of volume V.

Note that Ei here includés spin orientation, e.g., for s = 1/2, El has
E, and s "up," E, has E, and s "down."

By the Pauli exclusion principle, the microstate occupation numbers, s

must be either 0 or 1. Thus,

Mi!
and
Mi!
w(N D) =§?R;K53ET
Whence,

fn WND = Z(AnM 1-tn(M-N)! - 2aN 1]
and using Stirling's approximation (i.e., LnM! = MinM-M for large M),
z 7 ~(M_~ - -
an({Ni}) i{Miani (Mi Ni)zn(Mi Ni) NiﬁnNi]
which is to be maximized subject to the restraints

IN, = N and IN.E, = NE

Employing the method of Lagrange multipliers, maximize the function
F({Ni}, Y, B) = in W({Ni}) + Y(ENi—N) - B(ENiEi—NE>

Note that

aF My
“é“ﬁ; = { implies ﬂ,n'(-ﬁ-; - 1) +y~ 'BEi = 0

if the approximation for fn W({Ni}) above is used.

Whence,

N
7o - lexl(8En ] + 117
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Moreover, if this result is presumed to generate an approximate average occu-

pation complexion for the Mi microstates, then

n, ~ [exp[BE ~Y] + 13_1

in quantum-number-space (i.e., O-space),

S 2s + 1
a  exp{BE, ~Y] +1

Where s is the particle spin and it is presumed that E, is spin-oxrientation—-
independent.
Let n(g)dsa represent the expected particle demsity in r-space and popu~

: , 3 . . .
lation in d o volume element of g-space. Presuming that the particles are in

a cubical box (of side L),

1 2s + 1

n{g) = — -
3 explBE, -yl +1
Where
- Z a
e o & Hh™ _ _dn?
o gm? gmL”

Employing spherical polar coordinates in g-space (0,0,¢)

T2 (wj2
n, (@) - f f n(a) o® sinBdodé
0 °

Tree?

= _ 212 -
nl(a) 21,3 (2s + 1) {e Yexp{égagg} + 1] L

Note that only the first octant of g-space is covered since

o, = 0, 1, 2, ..., ay =0, 1, 2, «..y o, = 0, 1, 2, ...

In terms of particle kinetic energy and speed,
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al () = o, (@(E)) [$2
_ (2m3)1/2 E1/2 ]
lﬂT h3 (28 + l) EXP{BE _ _Y} + 1 J

n () = n' (B 52

v
e_Yexp(ﬁ Bimvz) + 1

H

4 *(2s + 1)

Since n(%) is "isotropic" in g-space, n(v) must be isotropic in v-space.

Thus, in 6~dimensional Cartesian (r,v)-space,

I (_r_: ¥, t) n}. (V)

st

= (%)3 (Z2s + 1) {e_Yexp(B;i mvz) + l}—l

It remains to identify the constants B and Y. The restraint conditions must

be used, i.e., in the present terms,

fn(;_,y_,t) v = {m nl(v) dv = N

and
o] " ——
f X mvzn(g,g,t) div =f %mvznl(v) dv = NE
a
The classical limit ——
If for each macrostate Ni<<Mi, i.e., a very "dilute" occupation complexion,
then
Mo
i’
w(N,) = TN
} Mi-(Mi-l) (1\/!1-2)...(Mi-1\ri + 1)
1
| Ni'
M Ni .'
~ i
N1
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and y Ni
P I
i

Presuming that Ni is still large enough to use Stirling's approximation,
N <IN M —nN
2aW({ i}) IN, (oM -2aN, + 1)

and maximizing n W ({Ni}) subject to the restraints ENi = N and ZNiEi =
i i

NE yields the result
N,

-
M

= exp[YuBEi}
i

4
3 -8 %
Whence, n; = exp[y—ﬁEi], or n(x,v,t) = (%D (2s + 1) e'e B mv in Cartesian

(r,v)-space. Note that this result is the classical equilibrium distribution,
-8 % mv?

i.e., n(x,v,t) ~ e , and that this classical limit is achieved by re-

quiring Ni << Mi. Such a condition is developed if

1. N and L are fixed and E is increased, i.e., Ni is decreased holding

M, fixed, or
i

2. N and E are fixed and M or L. is increased, i.e., Mi is increased

holding Ni fixed.

Moreover, comparison with the classical equilibrium result yields the identi-

fications

and

m. 3 ~ n 32
G (@s+ 1)eY = NG

The identification of B is valid even for the case Ni = D(Mi)’ however, the

identification of v is only valid in the classical limit.
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Fermi energy:

Defining yu, the Fermi energy, by
M = YkT
the Fermi-Dirac energy distribution is

gl/?
e(E—u)/kﬂt 1

n'(E) = C

172
2n’) /

ha

where C = 47 (2s + 1.

M = U(T) is determined from the restraint on particle populations, i.e.,

[m n!'(E)dE = N

e 0

Consider the case 0f T * 0 and denote U{0) = He. The result is

n!(E) _
0 for E > BO
Cuf.&h
nrE) ,
\ ; N=Fn'(E)dE=%- cuy’?
{
* Whence,
}
' E > £
& h2 IN 2/3
o Mo =% lmgs v D)

For the more general case, i.e., T # 0, numerical solution of N = Im n' (E)dE

yields the results
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/“{j“a
- - b S O
\\, — 5
v\
\
| : \
T - _..L__.‘ S \'\,. e ST S .
-3 -~ p—_ N /. ,{ri‘:? (T/:SJ
K
~-o.5 — %
-0 }m
Where u(TO) = 0 and kTO = 3,37 Hy
For example --
Gas m N Yo TO
Molecular lOuZég 3.0]'9c'.c“1 10“53v 0.1°K
{at STP)
Electrons 10727 1023 10 10%
(in metal)

i.e., for a molecular gas at STP, T > > T

0 and -~ ~H->>'l which imply that
Ho

n'(E) = Cen/kTE%e“E/kT

which is the classical equilibrium distribution. In contrast, for electrons
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in a metal, T << T_ and p = uo which imply that n'(E)} is like the T = 0 Fermi

0

distribution,

e
Y For T = 0?(100°K)
n(E)

the electron distribution is

A as illustrated.

a

Thermionic emission of electrons:
Consider an electron gas in a metal with T = 0 (100°K). Suppose that
the "wall' potential retaining the electrons in the "box" is such that an
P e S NN P N, Pt R

electron with'E >‘ﬁ}hitting the metal surface does escape from the metal

volume. The "work function" of the metal is defined as¢= W - uo.

£
s ix; }
A
| LW
., o
o ,
tnsede ouls /e

J, = .f+: [+m [*“ vxn(g)dvxdvydvz
& = -

where

n@ = @ (2s+1) lexpllmvi- ) /kT] + 1}
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is the outgoing electron current at the metal surface. Using s =%, y = ﬂo’

% )
and noting that vx>(§%) implies Csmv? - ) >> KT for ¢ = O(k ), the result is

3 2
n(w) = 2@ expli_/kr] ™ /2T
W,k
for Ve > ( m) .
whence,
~ Amm 2 =/kT
J+ PE (kT)“ e

and the emitted electric current density is given by

- /kT

I, =eJ, = 120 T?e amp/ cm?

+ +

where e = 1.5 x 10”19 coulomb. This is the Richardson-Dushman relation for

thermionic emission.

Bose-Einstein statistics:

A "Bose gas'" is a collection of particles with the properties

1. They are indistinguishable,

2. integer spin,

3. fixed population, N,

4. fixed kinetic energy, NE,

5. contained in box of volume V.

There are no limits (other than the N and NE constraints) on the micro-
state occupation numbers, n,. In order to determine w(Ni) consider a sequence

of Ni periods (1) and N& - 1 commas (,), e.g.,

which represents the microstate complexion n, =3, n

= 3, . . . There are (~i + N& -~ 1)1 permutations of the periods and commas

, =2 ny=0,1n, =1,

s
of which Ni! permutations of the periods and (b& - 1)! permutations of the
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commas do not lead to different energy state occupations. Thus,

g - DY
wiND = ¥ G S D
1 L

and

(N, + M, - 1)!
VN D = BT S D

Using Stirling’'s approximation, and maximizing In W({Ni}) subject to the

restraints X Ni =N and £ N, E, = NE yields

i i i7i
Ny
7 = lexp(BE; - ) —117t
1
Whence,
n, = (exp(BE, ~ y) - 117
i i

and, with the identifications

8= 1/kT and vy = WkT,
n, = lexp[(E, ~ W/kT] - 1yt

If the restraint I ﬁ& = N is removed (i.e., when particles can be created
i
or destroyed, then the parameter Y would not be introduced and the result

is

oy = ‘exp(E,/kT)~ 1,

Photons in a cavity -—-

An electromagnetic wave of frequency Vv and velocity ¢ can be considered
to be photon particles of energy hv and momentum hv/¢ with spin 1. There
are two possible spin states associated with a photén (not the usual 23 + 1)
corresponding to the two possible directions of wave polarization. The wave

intensity is determined by the number of photons, and photons are easily created
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and destroyed thereby generating a variable particle population problem.
Consider photons in a unit volume cubical box with perfectly reflecting

walls, i.e.,

= (ai + a; + “i) h? /4

or,
I - 2 2 2
(bv) c (ux + oy +o ) h /4
?ﬁ = h?g = nhe

Bose-Einstein statistics with a wvarilable particle population apply, i.e.,

n, =2 [exp(h /kny- 1170

o
= e
o
Whence,
ﬂq2
ny (@) = exp (v /KT] -1
and

n ) =0 [0M] |F
¥

8mv* /e
VKT

The photon energy density is

fm hvn V) d§ EE_Lkzli

3.3
2 h

and the photon energy current per unit area is

N et 5 Y
[ hvim, (v) edy = 2L KT
9 15c“h
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A "black body" is an object which absorbs all incident radiant emergy. Consider
a black body placed in the box containing photons. When at equilibrium with

the radiation in the box, the black body is at temperature T, and it is emit-
ting radiant energy at the rate of photon energy absorption, i.e., per umit

area, the radiation rate is

- 27 Sk

"
OT ' with 2l
15¢ h

which is the Stefan-Boltzmann radiation law and ¢ is the Stefan constant.

Boltzmann statistics:

Consider a collection of N distinguishable particles in the sense that the
labels 1, 2, 3,...,N can be meaningfully assigned to the particles (e.g., the
atoms in a solid lattice). A microstate is no longer specified by merely the
occupation numbers {ni}. Rather, it is now important to specify, in addition,
where each labelled particle is in energy space. Presuming integer spin par-
ticles, or exclusive volume of occupancy for each particle, there are Mi pos—

sible microstate occupancies for each of the Ni particles in the ith macrostate.

Whence,
N

w(N,) = M *
Note that if W({&i}) is taken as EW(N1>’ as used previously, then the inter-
change of labelled particles between different macrostates is not counted as
yielding separate and distinet particle occupation complexions. Consider a
macrostate occupation complexion{ﬁk} to be represented by a series of integers

(the labelled particles) and commas (the separation between macrostate energy

lavels), e.g.,

1234,56,78%,, 1011,

For this case, Ni = 4, with particles 1,2,3,4, h& = 2, with particles 5,6, Né = 3,

with particles 7,8,9, N4 =0 , . . There are N! permutations of the integers,
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however, permutations of the integers within a macrostate has already been in-
cluded in W(Ni). Thus, there are

N!
1
N

Pt

meaningful permutations of labelled particles with a given macrostate occupa~

tion complexion {Ni}’ and

wdwgo T gw(%)
i ER
i.e.,
MiNi
w({Ni}) = N! g o

Maximizing RnW({Ni}) subject to the restraints ZNi = N and ENiEi = Nﬁ-yields
i i

N,
"M‘“:‘ = exply-8E,]

and
n, = EXP[Y-BEi]

Tdentifying B = 1/kT and using %ni = N gives the Boltzmamn (quantum statistics)
distribution

exp[—Ei/kTI

n, =N Zexp{-E, /KT]
i
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Energy~-Dependent Transport Relations

As mentioned in the first paragraph of this section of these lecture
notes, the E-dependence of particle distributions can be included in the
formulation of the Boltzmann transport equation. So far in these notes,
the derivations of relations describing particle transport were restricted
to the presumption of monoenergetic radiation (pages 3-7 through 3-11).
However, the arguments presented in rhe derivation of the monocenergetic
equation (page 3-10) are easily extended to the E~dependent case with the

changes

v - v(E)

~

o(x,Q,t) + o(x,E,t)

s(g_ﬁ,t) -+ s(g,ﬁ,E,t)

e { 2@ - o - f } a2q'ar'e(@',E » 8,B)
4 4T

The emission distribution, f, has been redefined such that

f(ﬁ',E' - ﬁ,E)dzﬁdE = the expected number of particles emitted
in the increment szdE about (ﬁ,E) due to a collision involving
a particle with pre-collision variables (ﬁ',E'). Note that the
total number of particles emitted per collision (c) in the mono-
energetic version is now included in the requirements for f such

that £ is no longer normalized as a probability distribution.
In these terms, the E-dependent Boltzmann transport equation is

1 3

3@ ¢ Y@ BEL) = - Gevo(r, 2, B, t) - zt(E,E,t):p(E,ﬁ,E,t)

b2

+ f f L (5B, 0@ AL E > 8,80, 8B ,0)d? 0’ + s(x,&,E,t)

47
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The solution complications introduced by describing the actual energy exchanges,
which do, in fact, take place in most situations of interest, are certainly
extensive. We shall approach the resolution of the E~dependent equation in a
manner similar to that used for the moncenergetic relation, i.e., with simpli-
fying presumptions which yield relatively easy to express notation and algebra.
A conservation relation (the E-spectral equation):
Consider the operation fdzﬁ applied to the E~dependent transport equation.

Term-by-term the results are

] P 2 1 ]
TE @(_I‘__,Q,E,t)d § = W—E")—g*g ?(z,E, t)

v(E)
J 3eV8 (x,8,E, £)d%Q = Vo J(r,E, )

f ~
I (5, D0(,0,E)d°0 = £ (5, t)8(x,E, )

[ I I (B, O, B » 8,508, va¥ae a

R

T 471 O

Fn(f—’E;’t)f(E’t;E' > E)®(x,E',t)dE’
0
J s(5,Q,E, £)d°Q = s(x,E, t)

where,

®(x,E,t) = [@(g,ﬁ,E,t)dzﬁ = the angular-integrated radiation
flux at (x,E,t) which is also termed the flux E-spectrum

at (r,t),

J(r,E,t) = [ﬁ@(ﬁ,ﬁ,ﬁ,t)dzﬁ = the radiation current vector for

particles of energy E at {(x,t),
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f(E' =~ E) = ff(ﬁ',E' -+ Q,E)dzﬁ = the collision transfer of energy

description which has been presumed to be (}'-~independent,

s(r,E,t) = fs(z,ﬁ,E)d%R = the angular-integrated radiation source

density.

Whence, the E-spectral equation

i 8 = - : -
v (E) atcb(f_,E,t) V- JI(r,B,t) - I (L,E,)8(x,E,t)

+ Jzt(y_,E‘.t)f(g,t, E' » E)&(x,E',t)dE" + s(1,E,t)
0

Thermodynamic equilibrium spectrum——

In the derivation of the classical equilibrium particle distribution
(page 4~1), "equilibrium" was defined by the restrictions:

1) Steady state, i.e, t-independent

2) Uniformity, i.e., r-independence

3) Isotropic motion, i.e., ﬁ—independence.
To these we here add the presumptions of:

4) ©No radiation absorption, i.e., Za = 0, or Zt = Zs

3) No radiation sources, i.e., s = 0.

The E-spectral equation becomes a relation describing thermodynamic equili-

brium, i.e.,

ZS(E)‘I’(E) = FZS(E')f(E' + E)O(E')4E'
0

With reference to page 4-7 of these notes, we already have a solution
of this equation, wviz,

§(E) = AEe E/KT
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This should seem Intriguing since we have not as yet specified ZS(E) and
f(E' -~ E). The puzzle is understood by considering as a trial property for

¢(E)

ES(E')f(E' + E)O(E") = ES(E)f(E + E")O(E)

This reciprocity (or gymmetry) relation is termed the "principle of detailed
balance." Its physical significance will be addressed in a moment. Here,

note that substitution into the spectral equation yields

ZS(E)Q(E) = ZS(E)Q(E) fwf(E +~ E')dE'
0
Moreover, since the only allowed interaction is scattering, each collision

results in the emission of a single particle, viz.

Jmf(E + EE' = 1
0
for this case. Thus, the principle of detailed balance is an acceptable

property for the solution to possess. In fact, it is a required property.
The physical meaning of the principle of detailed balance is easily

illuminated by considering
[ZS(E')Q(E')dE'][f{E' =+ E)dE]
= [ES(E)¢(E)dE][f(E -+ E')dE’]

which is obtained directly from the definition of the principle. The left-
hand-side of the relation 1s a specification of the transfer rate of radi-
ation from increment dE' at E' to dE at E. The right-hand~side is the
transfer rate from dE at E to dE'at E'. The principle is thus a statement

that in a thermodynamic equilibrium state each energy increment has a balance
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of energy transfered to and received from each other energy increment. In
this equilibrium state, the particles and targets must be distributed in '
energy such that the principle of detailed balance is maintained. This is,
indeed, a property which the product ES(E')f(E' + E) satisfies in the multi-
scattering process which establishes the particle and target E-spectrums.

It is important to realize that all the presumptions are required to
yvield a thermodynamic equilibrium condition. The particle moderation
problem (considered next) is a good example of a situation where the equation
to be resolved appears to be the equilibrium condition but results are clearly
very different.

Moderation spectrum——

A particle moderation problem is defined to be such that
f(E' *E) = 0 for E > E!

i.e., particles must lose energy Iin a collision. In order to achieve a steady
state situation is a moderation problem, it is required to have radiation
sources at some energy (usualiy high E) and radiation absorption at some
energy (usually low E). To be specific, and to emphasize the comment made

at the end of the discussion on equilibrium, consider the moderation case
where all radiation sources have energy greater than E. and all radiation

0

absorption occurs at energies below El with El < EO. The E-spectral equation

for a steady state, uniform, isotropic motion problem is identical to the
thermodynamic equilibrium equation--with one important exception, i.e.,

El <E < EO is required. Specifically, .

ES(E)@(E) = meS(E')f(E' + E)$(E")dE'
E

for El < E < ED
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where the lower limit of the integral reflects the moderation restriction
applied to f.

The moderation of fission neutrons by protons is a basic process in
many thermal (spectrum) nuclear reactors. In this case EO > 100 Kev and
El < 1 ev. The scattering interactioms are elastic with isotropic emission

in the collision center—of-mass coordinate system. These kinematic and

emission distribution conditions yield
] l 1
£(E' - BE) =5 for 0 < E < E

and the required £(E' = E) = 0 for E > E'. The moderation spectral equation

becomes

- ' }-_ ! [
ES(E)®(E) = JmES(E ) X P(E')dE

E

< <
for El E E0

which has the solution ®(E) = A/EES(E) for E in the restricted range. This
is not a classical equilibrium distribution and the principle of detailed

balance is certainly not followed for E, < E < EO (since only moderation

1
occurs). The equilibrium restriction of no sources or absorptions was

relaxed and the solution is non—-equilibrium.

Plane symmetry problems:

In order to pursue more non-equilibrium radiation transport problems
and maintain a reasonably simple notation and algebra, consider restriction
to plane symmetry problems in homogeneous, steady state media. The trans-

port equation is

1.3 . -l
v E) "‘a—E‘ (%, 1,E, t) = — ].lax (%, L, E, £} - Zt(E)‘I’(X’Il;E,t)

i j F I EDE@E > BE)OGe U, B, ©)d R + 5(x,1,E, L)
4w O
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wherein the integral term must clearly be reducible to a form which does
not involve the direction components ¢ or ¢'. An often encountered case

which leads directly to such a reduction is
g@,e >~ Qe = Q-0+ B)

i.e., the case of azimuthally symmetric emission {(about the pre-collision
direction, ﬁ'). Employing the usual form of Legendre polynomial expansion,
i.e.,

=1

Z 2841

£ (E' + E)P, (Q' Q)
94=0 4T £ £

fFQRT-0L,E' = E) =

and the gpherical harmonics addition theorem, i.e.,

-3
PN 41 T *
Pz(g"ﬂ) = 20+1 z Yzm(y':¢')Y2m (11,(15)

=2

it is not difficult to show that

J J Zt(E')f(ﬁ"ﬁ,E' - E)@(x,p',E',t)dzn'dE'

4 Q
= OZD 2 P, (u) dE'L_(E")YE _(E' ~ E) +1 P (u)é(x,ut LB, t)dp!
220 A 2 £ [} I H LR AT B

0 -1
which demonstrates (for the case of emlssion azimathal symmetry) the expected
elimination of the ¢ and ¢' variables.
The E~dependent, plane symmetry transport equation can thus be expressed

as

1 9 9
W ..5.:..t.. @(X,H,E,t) = y—a; @(X,U,E,t) - Zt(E)¢(X,u!E’t)
T 2a+1 *
+ g,go =5 P (w) dE'L (E')£,(E' + E) J P, (u")e(x,u',E , t)dy’
, o ~1

+ s{x,u,E, t)
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and, the orthogonality of the Legendre polynomials can be employed to yield

the E-spectral equation

19 9
i) T (x,E,t) = - e JX(X,E,t) - Et(E)@(X,E,t)

+ Jm Zt(E')fO(E' + EY®(%,E',t)dE" + s(x,E,t)
0

It should be noted that the definition
£(E' +E) = Jf(ﬁ',ﬁ' + 0,8)d% 0

used in previous discussions of the E-spectral equation, and the Legendre poly-

nomial expansion of the emission distribution yield the identification
fO(E' +E)y = £(E" +E)
Whence, the principle of detailed balance takes the form
Eg(E'}fO(E' +EYO(E') = ZS(E)fO(E + E'")¢(E)

These comments are included to indicate the particular physical significance

of the emission expansion coefficient fO(E' -+ E).

Multigroup transport formulation:
For the purpose of introducing the E-multigroup method of reducing the
transport equation to more easily resolved terms, consider the E-spectral

equation for a plane symmetry, steady state, uniform radiation problem, i.e.,

Zt(E)é(E) = fm Zt(E')fo(E' + EB)P(E')dE' + s(E)
0

Divide the energy range of interest into I contiguous intervals indexed

as illustrated and define
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” {
4P rowP
é;vﬁgn Z T & G
5 J. - % { % = En@/‘j)/
zf:;, ‘é;-_/ fz ‘f:’ EC—}
Bj.1
@i = O(E)dE for i = 1,2,..., L
By

The radiation with energy in the interval Ei to Ei“ is termed group i radia-

1

tion, and @i is termed the group i radiation flux.

E
i~-1
The operation f dE applied to the spectral equation yields
Ei E0
T 9 = t e T t | 4
eids EO(E i)®(E')4E' + S
0
where,
) Ei1
= = >
zti @i J t(E)@(E)dE
Ey

is the group i total cross section (a flux-weighted average over the group

energy interval),

i-1
t Yy = ' 1
EO(E + i} = Et(E ) fO(E <+ E}dE

By
is the cross section for transfer (by radiation interaction caused emission)

from energy E' to energy group i, and

By1
s, = s(E)dE
Ey
is the radiation scurce emitted in group 1. To use consistent dependent vari~

ables, the integral term in the group spectral equation should be reexpressed
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according to

E
0 I
L (EWi)B(E')AE' = ) I (yri)d,
o P o i
j=1
0
where the group~to-group transfer cross section, Eo(j+i), is defined by
1 fi-1
PO T Y T
LG = 5§ L (E'>1)2(E")dE
J
Es

Note that these definitions are such that Zo(j+i)®j is the transfer rate
density of radiation with energy in group j to radiation with energy in
group i due to interactions (pmot sources).

If the group i radiation "removal' cross section is defined by Zri =
Eti - Eo(i+i), the usual form of the group spectral equation is obtained,

i.e.,

L1+ 8 + s,

£l

=]

"
e b

for 1 = 1,2,...,I

This relation could be used to study E-spectrum problems and properties.
Note, for example, that the group equivalent of the principle of detailed

balance is
Zo(j+i)§j = Zo(iéﬁ)¢&

if scattering is the only mode of radiation energy transfer and {Qﬁ} is
the thermodynamic equilibrium group spectrum. In these notes the deriva-
tion of the group &pectral equation is intended to merely be an introduc-
tion to the derivation and use of the more-complicated group transport

equation.
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Multigroup transport equation—-
Consider the E-dependent transport eugation for a plane symmetry, steady

state problem, i.e.,

" E%—@(X,M,E) + I (E)®(x,1,E)

0

oo 1
L
- 7 e | amI EVEEE | P00, H,ED A
2 4 t L £
2=0
0 -1
+ s(x,H,E)
Bi-1
Applying the operation J dE, and the definitions of variables and
Ef

parameters used in the discussion of the multigroup spectral equation, yields

the E~-multigroup transport equation, i.e.,
‘ o]
RN CRD I HCRD

- ] Plerw 0w

5=1

Picu’)éj(x,u‘)du' + 5, (x,1)
-1

where, direct extension of the definition of Eo(j9i) is employed in the
definition

; Eia1 Bi1
s = ot 1 T ' '
I, (3+4) 5 dE'®(E")T,_(E") £, (E"4E)dE

Ej Ei

The example of isotropic emission (i.e., zg(j+i) = Eo(jai)azo) is somewhat
academic since usually emission direction is correlated with energy exchange
{through the kinematics relations). However, because of the resulting sim-

plifications in algebraic manipulations, the isotropic emission case will be

the example chosen (in these notes) for further amplification.
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1f post-collision radiation emission is isotropic, the multigroup

transport equation reduces to the form

1 +1
3 1 .
Mo ¢i(x,n) + Zti ®i(x,u) =3 jgl ZO(J+1) J Ea(x,u'>du' + si(x,u>
= -1

for 1 1,2,...,1

The structure of each member of this set of I equations is identical to that
of the monoenergetic transport equation. The set is, however, coupled
through the emergy transfer term by the group transfer cross sections
Zo(j*i), and the monoenergetic flux, ®(x,1), is replaced by an "I-dimension
vector" flux form {@i(x,u); i=1,2,...,IhL

In order to illustrate how the solution approaches, which were applied
to the monoenergetic equation, can be directly extended to solution of the
multigroup equation set, we shall here consider details of the PN—approxima~
tion method.

Soclution by a PN-approximation~~

Following the ?N—approximation procedure as applied to the solutiom of

the monoenergetic radiation transport equation, employ the expression

§ 2n+l

2, (x,1) = AT ¢’i’n(x) 2 (W

n=0
in the I-group equation set, the relevant Legendre polynomial recurrence

relation, and the linear independence of the Legendre polynomials to obtain

d d
n i o (x) + (n+1)-a; @i

5 -1 {(x) + (2n+l)2t. b, (%)

,nt+l i "i,n

I ) Uﬁ%q
= j£1 I (3-1) CDj’n(X)Gno +r’%si,n(>c)

forn=20,1,2...,Nand 1 = 1,2,...,1
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In the coupled set of (N+1)I linear, first-order differential equations

s; n(x) is defined by a Legendre polynomial expansion of the source in
3

group i in a manner identical to the flux expansion coefficients, @i n(x)
H

and in equations indexed with n = N, @i N+1(x) is set equal to zero.
¥

It is useful to reexpress the set of equations as

d

T 00 I8 (@ - Zl Lo (3108, o(x) =5, (=)
and, for n > 0,
d (e
n‘EE 1,0~ l(x) + (n+1) —;—@l n+l(x) + (23+1)Eti ®i,n(x) =ASi,n(X)

The collision-induced radiation transfer-into-group~i term appears only in
the n = 0 equations because of the presumption of isotropic emission.

In order to continue this comparison of the E-multigroup solution
approach and the monoenergetic technique, consider the homogeneous (s = 0)
form of the transport equation with the purpose of determining eigenvalues

and eigenfunctions. With the 8 n(x) = (} the equation set is translationally

invariant with respect to x suggesting solutions of the form

-xf2
- gye %/
20 =¥ (Me
The transport equation set becomes
1
CSI S \Pi’O(!z) o+ j;i 220(341)‘1’:3’0(2) =0

and, for n > 0,

o ¥ (0 F @Y () - (2edl) s (% =0

ti i

for i = 1,2,...,0 and n = Q0,1,2,...,N with ¥ = 0 in the n = N equation.

i,N+l(£J
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An example; two-group, diffusion analysis—-

The example of I = 2 and N = 1 yields a two~group, P_-approximation

1
which is the simplest version of an energy-dependent diffusion approxima-

tion. For this example there are four equations in the four unknowns

?lo(i) - 34% ) =0

e1 11
¥y, (1) = 85, Yo (R) + LI (12)¥, (1) = O

Wzo(i) - 322t2 TZl(ﬂ) =0

Note that the second and fourth equations comnstitute the two~group version
of Fick's Law of Diffusion. Non~trivial solution of the Wi n(2.) implies the
3

secular equation which can be manipulated to the form

4 z
{Zrerz - ZO(1+2)ZO(2+1)]£ - [Dlzrz + Dzzrl]ﬂ + DlD2 =0

where Dl = 1/32tl and D2 = 1/3Zt2 are the respective diffusion coefficients

for group 1 and group 2 radiation. Whence, the four eigenvalues % = iL+ and

£ = FL. where 1/2
nlzrz + Dzzrl 4D1D2[Zr1£r2~20(1*2)20(2+1)]

L B (D) T, () ] 1+ 11 - 2

+ 7 2[T_%
1l r2 [Dlﬂrz + DZZrl]

1f either ZO(I¢2) =0 or 20(241) = {, then it is more direct to rewrite the

secular equation which can then be reduced to the form

2 2
(ZrIE - Dl) (Er2£ - DZ) = 0
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Whence, in these cases, the four eigenvalues

=+ = +
£ * Ll and L = % L2

where

are the respective "unclupled" diffusion lengths for group 1 and group 2
radiation (and should not be confused with the same notatiom used for

asymptotic eigenvalues in monocenergetic PN—approximations, N=1and N=2),.

Eigenfunctions and general solution forms vary gsignificantly in expres-
sion and physical interpretation according to the group transfer cross sec-—
tions. There are three cases and they are described here on an individual
basis.

Case 1: Zo(l¢2) = 20(291) = 0,

In this case the two energy groups are totally uncoupled and radiation
transport is described by two monoenergetic relations. General flux solutions

can be expressed as

Yo (4L,)

11V -x/1L
¢ (x,1) = A [1 + 3 7=, Hle 1
1 1 ¥ oCLy)

¥ L)

ule
l)

+'x/Ll
¥yp L

+Cl[1+3

Y _(+L

21
e (x, 1) = A (L + 3 g—F7—
2 2 ¥, oGL,)

2) ~%/L

Hle 2

Y1 (L)

+C,[1+3 ule 2
2 ¥50(-Ly)

The eigenfunction ratios follow from the individual group expressions for

Fick's Law, i.e.,



' A L S S+ AL
oy e zo(-Lz)

441

1

= +
= b e
3L2 t2

There is little need to further discuss the meaning of these solutions

since they represent merely the superposition of two independent monoenergetic

problems and thereby introduce no new physical concepts when compared to our

previous monoenergetic radiation tramsport discussions.

Case 2:

ED(1+2) # 0 and 20(2»1} # 0.

The opposite extreme relative to case 1, this case has complete coupling

of the two radiation groups, i.e., transfer up in energy and transfer down

in energy.

, (x,1) =

General

EERASLTY

= A +{1+37EH)}

1+

+x/L

e

(~L ",
+¢, . [L+3 Wll ule

i+ 10( -L )
ll(+L )

L 03 g gule™

(-L_)
11 +x/L
1- (L +3 ﬁf“?‘i?3“3 -

Yo (L)

[1+ 32—t 1%y
¥y DY

24
21( -L,) e
1‘“’”’L ) ¥/
¥, L yHle

1+ 3

4)21(—1‘_)

TootLM®

_[1+3

+x/L_

flux solutions take on the more complicated form

x/L
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As in case 1, the relevant eigenfunction ratios are determined by using the

two-group form of Fick's Law, viz.

R S DU t A S N
fo Ly Mty ol L) L Zo
¢l g 2GR
¥ L) ni,, ¥,,GLy I,

Fach energy group experiences influence from the other group (throuéh
the two nonzero transfer cross sections). Thus, the eigenvalues and eigen~
function ratios all carry parameter descriptions from both groups. There
are no solutions which are strictly moncenergetic in character.

It appears that there are too many arbitrary coefficients in the
general solution form (A1+, Cl+’ Al_, Cl—’ A2+, C2+, AZ_, C2~)' In analogy
with monoenergetic diffusion results we expect two coefficients for each
group allowing the satisfaction of two boundary conditions for each group.
This yields a total of four coefficients rather than the apparent eight.
However, substitution of the general solution form in the i = 1, n = 0 equation
and in the i = 2, n = 0 equation gives relations between A1+ and A2+, C1+ and
Cz+, Al— and Az_, and Clm and Cz_. Thus, there are actually available only
the expected four arbitrary coefficients to meet boundary condition require-~
ments for both groups.

Case 3: Zo(l+2) # 0 but 20(2+l) = 0, or EO(2+1) # 0 but EO(L+2) = 0,

The two possibilities lead to the same character of solution. Here,
consider the usual relevant case of ZO(I+2) # 0 but 20(2+1) = 0. In this
case, the 1 = 1 equations do not depend on the i = 2 solutions, but the

i = 2 equations do depend on . the 1 = 1 solutions. As in case 1, the éigen-

values are Ll and LZ' General solutions take on the form
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Y )

e

¥y (-Ly) /Ly

+Cl[l+3 (L)u}

Yo (L) L

& (61 = Ay, (1L +3 _""T1f§)“} 2

?él( L ) +x/L

+C.. [1+3 Ljet®ily
22 0= Lz)
(+L )
21 x/L
+ Ay [1+3 ~mg?33f3 ule
(-L )
21 +x/L
+(321 f1+3"'——(——£—)]

The relevant eigenfunction ratios are again found by using the two-group Fick's
Law.

The group 1 radiation flux is independent of the group 2 flux (since
20(2¢l) = 0) and thus the solution form is the expected monoemergetic form
with parameters deseriptive of group 1 alone. The group 2 flux is dependent
on the group 1 flux (since ZO(1+2) # 0) and thus the solution form is not mono-
energetic in form and parameters descriptive of both groups appear.

As in case 2, it appears that there are too many arbitrary coefficients

c In order to satisfy boundary conditions we again

(41, Cp5 Ajys Cony Agys Cppde

expect only four coefficients. In this case, substitution of the general
gsolution form in the i = 2, n = 0 equation yields relations between Al and Aﬁl’

and C, and C Thus, again there are actually available only the expectéd

1 21"

four coefficients to meet boundary condition requirements for both groups.
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ABSTRACT

The mathematical formulation of a new approach to the homogeni-
zation of certain types of heterogeneous media (such as a regular sxray
of holes in a scattering media) for the purpose of neutron diffusion
calculations is developed in this Report. The new method is based on
the inclusion of an angular-dependent mean free path in the theory
of neutron transport. In the present effort, calculations are restricted to
media with plane symmetry and monocenergetic neuviron theory is
employed.

It is found that a neutron-flux based theory and a collision-density
based theory can lead to significantly different results when low-order
approximations, such as diffusion theory, are employed in the solution
of the transport equation. For the case of isotropic scattering, the
normal mode technique is found applicable and closed-form, exact
solutions are determined.

There is little existing experimental work in the description of
neutron distribution in such anisotropic media. It is therefors difficult
to evaluate the results of the new theory. The interpretation of physical
and numerical (Monte Carlo) experiments could be approached di-
rectly with the new techniques.

L INTRODUCTION.

“*This Rapott. develdps. the: wthematical formulation . Prabsbly the most zm?“rtam cmmé@mﬁ&m of peutxon
of a new rethod .of trecting neutron diffusiolt in certain diffusicn in media mzu'ex Bz}lﬁgam thosa of Béhrons {Ref, 1)
types of heterogeneous 'media. The Ketervgeneity ‘of im-  However,-all prewiovs work, including, t%.aj:m Refl I, &3
mediate concern, and toward which this work is directed, - -devoted to the detérmination of this sftects of heteragene-;
is that of a regular array of vacuum chanmels (such as a . : ity on specific parametess relevant-to neutron diffusion, .

 square latiice of cylindrical holes) in‘an otherwise homo- - - rather. than to 2 formdation of 4 general- ‘method from
‘geneods medium. The general procedure; with modificads"  which varisiss descriftiars of the nedtron distribotioly- cam:
tion of details, should be applicable to other types of - - be determined. The'general problem nity be stated alogy
heterogereity. However, 4 requirement which Should be't' * thesa lines:itt media, wish' 3 beterageneity, such ae the type : v

- _imposed ir that the heterogeneity results in two charac  considered here, it is cleay tinia “Fraple: hﬁmg@mmn ¥ '":i .
" tesistic direéctions. For example, in the .case of a regular - - of the mediuim for. meutrcn; d:f&mmi .%i%ausm is.patasy

© array.of vacgum channels, the two characteristic-direc-  valid representation.. A:siniple bomcgsaiation s, d@iméd

"« tions -are parallel and perpendicular to the chanuel azis. - as the process ok reds: cingautha, medingadoos c(echbn«s‘
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merely by the ratio of material volume to material-plus-
vacuum volume. The streaming of neutrons in the vacuum
channels leads to a spreading of the neutrons in the
longitudinal direction (parallel to channel axis) which is
larger than that in the transverse direction {perpendicular
to channel axis). Thus, not only is the simple homogeniza-
tion questionable for omnidirectional parameter calcu-
lation, but also the anisotropic effects are completely
sabdued. Of course, the reason for considering homogeni-
zation of the medium is the existence of an “arsenal” of
possible mathematical attacks for such problems.

The new approach to homogenization, which will be
developed here, is based on the reasoning that neutroris
traveling with a large component of their velocity in the
longitudinal direction probably travel further between
collisions, on the average, than those traveling with a
large component of velocity in the transverse direction.
Let this effect be introduced into the neutron transport
equation for the homogenized medium by allowing the
mean free path to be angular-dependent. Clearly, by so
doing, a mathematical fiction will be utilized since the
mean free path, as used in neutron transport calculations,
is a local parameter. This concept is certainly no more
confusing than the idea of medium homogenization, It
should be stressed that a total cross section which varies
according to the direction of neutron travel, and not

merely the usual scattering directional dependence, is
being imposed.

All considerations will be based on the idealization
of monoenergetic neutron transport. Although time-
dependent equations will be developed, most of the
analysis will be devoted to the calculation of stationary
states. For the purpose of completeness, the mathematical
formulation will be developed along several lines. Spe-
cifically: both the neutron fux and collison density will
be considered as dependent variables; the familiar Py and
double-Py approximations, as well as the moment decom-
position will be applied; and it will be demonstrated that,
for the case of isotropic scattering, the normal mode
procedure, recently used for the solution of several types
of neutron transport problems, is applicable and yields
exact, closed-form solutions.

The major part of this work is directed toward the
mathematical formulation and physical interpretation of
the new theory. A section, however, will be devoted to
brief remarks relevant to application, There is meager
experimental data available for lattices of the type con-
sidered. It will therefore be difficult to evaluate the pres-
ent theory. These considerations will vield a well-defined,
albeit not well-substantiated, route to solution of prob-
lems involving neutron diffusion in media pierced by
vacuum channels.

lI. MATHEMATICAL FORMULATION

It -would seem that application of these ideas to fnite
- media dictates the use of non-separable position-angle-
" dependent mean free paths. The inclusion of position-
dependerice leads to gross difficulties which we have as
yet naot resolved. It will be assumed that the mean free
- path in the homogenized medium depends only on the
- angle between the neutron velocity and the direction of
the position variable. In all calculations plane symmetry
is assumed, with the position variable either along the
longitudinal or transverse direction.

2

A. The Neutron-Flux Equation

The monoenergetic neutron transport equation for
homogeneous media with plane symmetry may be written
as : :

1o ]
25 i) FoagztGEGmt) ¥ alw) g (n )

=¢ [olI(Q2) 4 (20,0 A +S(mpt) (D)



where y (x, u, t) is the neutron flux distribution as a func-
tion of position x, direction cosine of neutron travel
relative to x-direction , and time #; v is neutron speed;
o (s} is the angular-dependent total cross section; ¢ is the
mean number of secondary neutrons which emanate from
a neutron-nucleus collision; f(R+ Q) is the normalized
distribution in Q, the neutron post-collision direction of
travel, of secondary neutrons produced by collision of
a primary peutron with pre-collision direction £’; and
§ (x, g, t) is the rate of neutron introduction from sources
which are independent of the neutron distribution. Al-
though ¢ and f are not necessarily descriptive of 2 non-
multiplying medium, the terms scattering probability for
¢ and scattering distribution for f will be used to avoid
stilted discourse. An expansion of the scattering distribu-
tion in terms of Legendre polynomials {P, (- Q")} will
be employed, ie.,

n_ aont+l
fe @y =22

n

faPn (Q- Q1) (2)

and the spherical harmonics addition theorem (Ref. 2,
p- 143) to eliminate the azimuthal direction dependence
appearing in the integral in Eq. (1). The result is

19 d
TV Emt) + pos ¥ (®mt) + o (e) g (x,00)

=32 @+ DARG [ P et v 0 de
+ S(nud) @)

In order to proceed with a general discussion of the
properties of Eq. (3) a more specific representation of
o (p) is required. It is supposed, with little loss in relevant
generality, that

o(w) = 3 onPa(u) (4)

The sets {yn (x, £)} and {S, (z,1)} are further defined by
mw)= [(PWrEndd G

Sulmf) = f " Pulw) S (5, my ) da (5b)

1
Equations (52 and b) specify the respective expansion

coefficients in Legendre polynomial expansions of the
neutron Bux and source density, e.g.

vamd= 22 worw @
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In these terms, integration of Eq. (3) over the interval
p€{—1, 1) yields the relation

18g, By, _
“;‘“é‘;“i"};x--{'-{l—c)?m.%—so {N

Eq. (7) is the continuity equation for neutron motion. The
only term which appears in an unfamiliar form is that
which expresses the total neutron interaction rate. Clearly,

S ann (3, 8) = f "o ) (®)

n

A further, familiar, reduction of the transport equation
can be made in terms of the sets {¢n}, {S.}, and {e,).
Using the recurrence relation for Legendre polynomials
{Ref. 2, p. 32),

@+ DpPulu) =nPasi(p) + (R + DPuuls) (9)
yields the set of coupled differential equations

19 1 [} n4+1 3
L e )+ =
v&t‘!’"(x’t)+2n+18x'p 1 (6) §n+lax"b’”‘(x’t)

+ 2 (21 + 1) G'”.A!,,“, (}- - cfn) !,bl (x, t)

= §,(x, 1) (10)
The set {Ainn} is defined by

A= [TR@P @R WL @

and has the following properties (Ref. 2, p. 87):
1. The order of the indices is unimportant.

2. Aiun = 0 if the sum of any two of the indices is less
than the third. .

3. Atn =0if 1 +m + nis odd.
4. When A, 490, ie., avoiding (2) and (3),

= () (S )

(@) I+n-m-—1)
X( Q@ +n—m) )

M@ nt+tm—1=-1)
x( @@ mFm=1) )

@4 (I +m+n)
X((l)(3)'"(l+m+n-—1)) (12)
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It is from Eq. (10) that the various approximations to
the transport equation are derived. Before proceeding
with detailed examination of some approximations, re-
examine Eq. (3). A simpler integral term is obtained if
the dependent variable is changed to the neutron collision
density

Flx, p,t) = o (n) ¢ (x, 1, 7).

B. The Collision-Density Equation

Reformulating Eq. (3) in terms of the collision density,
F (x, u,t), and the mean free path, A (u) = 1/e (n),

Au) 0
v ot

F o) + i (0 F (5, )
+F (1) = 53 (20 + 1) fuPa (1)

+1
X [ P (') F{x, i, 8y dy’ + S (x, 1 1)
-1

(13)

With the sets {F,, (x,#)} and {A,} defined by
Flowmt)= 3 31'-21"—1- Fa(t,) Puln)  (l4a)
Ap) = % AnPa (1) (14b)

the set of coupled differential equations [cf., Eq. (10)]
is obtained,

An O
I'Zm (2 + I)Almu"'b"""é"i’ Fi(x,t)

d
4+ 2ﬂ-+l E (2l+ I)Au‘ ,,..,.\.m F;{x t)

n+1 0
m!% (21 + 1) A nes Am -é;'F; (x, )
+ (1 - cfﬂ) Fﬂ (xv t) = Sn (x’ t) (15)

Note that if A, == 0 for n > 0, i.e,, the familiar case of an

angle-independent mean free path, then Eq. (15), with the

aid of the properties of {Aima}, reduces to

Ao BF, kg Fa.; (B4 1Ay 9Fa.,
o Bm+1 ot on+1 ot
+(1""cfn)Fn=Sn (16)

which is the expected result. Note further that the n =0
member of Eq. (15) yields the continuity equation

BF

Ekm 0=35,

(17)

3 @ Ddndim 5 oF, Lt (-oF

In recognizing Eq. (17) as the continuity equation, use
is made of the easily derived relations

(18a}

bolnt) = 3 MFa(z)

g {x, ) = (18b)

2 (@n + 1) AnAwmFa (2,1)

In the remainder of this work the case of a stationary
state is assumed. In most cases this assumption merely
leads to simpler algebra and notation and is actually not
a requirement for the determination of a solution. The
Py.approximation and double-Py-approximation, as ap-
plied to both flux and collision density expansions, will be
discussed and the moment decomposition for both flux
and collision density will be considered. Finally, in greater
depth, the case of isotropic scattering using the collision
density as dependent variable will be covered.

C. The Py-Approximation

The Py-approximation based on a flux expansion, or
collision density expansion, is defined by the requirements
that in Eq. (10),.or Eq. (15), ¢u(x) =0 for n >N, or
F,(x) = 0forn > N, and the equations labelled by n > N
are discarded. Thus, in a Py-approximation, N + 1
coupled differential equations are obtained with the
N + 1 dependent variables ¢, (x), n=0,1, -+ -, N, or
Fo(x),n=0,1, - - - | N. For example, the P;,-approxima-
tion based on the flux expansion gives the single relation

oo (L =€) (x)=0 : (19}

which has the implication ¢ == 1 for non-trivial y,. This is
a familiar result. The P,-approximation based on a col-
lision density expansion gives the unusual relation

O\-t dF
& e

Fo(z) =0 (20)
After this present brief comment considerations will be
restricted to the case of A (x) a2 symmetric function of ;. on
the interval pe¢(—1, +1), and, in that case A, = 0. For the
moment, suppose that A, 54 0. To be specific, suppose that
A, > 0. According to Eq. (20), the implication is that
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dF,/dx < 0 which indicates a neutron flow in the +x-
direction. The question which must be posed is: can F be
u-independent (consistent with P,-approximation) and yet
have ¢ (x, )} represent a neutron flow in - x-direction
(i.e, ¢ increase with )P Clearly the answer is in the

affirmative since, if A (1) increases with u (implied by

A, > 0), then the ratio y/A can be p-independent if ¢ also
increases with x. In all following considerations assume
that A (), and thus o (u), is a symmetric function of p.
Thus it will always be required that A, =0, and ¢, = 0,
for n odd.

The P,-approximation (i.e., diffusion theory) based on a
flux expansion gives the two equations

%L + (L = &) aofo (x} = Sy (x)

(21a)

; L;‘i" -+ (1 —_ Cfl)(f-'o +-§i‘“2 )Ebl (x) = 5 (x)
(21b)

I it is further assumed that all neutron sources are
isotrapic such that S, (x) =0 for n > 0, then Egs. (21a
and b) combine to give the usual diffusion theory
relations

~DEE 4 o) = Sala) (22a)

g (x) = —D-f?xi (22b)

with diffusion coeflicient D, and “absorption” cross section
o, given by

1

Dz3a—¢K%+EL

(232)

= (1—2¢)ae (23b)
It should be noted that only &, and ¢, enter into the
diffusion theory parameters. The o (1) expansion was not
truncated at a quadratic in order to obtain Egs. (23a and
b}. In passing, it is also worth noting, had time-depend-
ence been included, that the P,-approximation would have
given the “telegraphist’s equation.” The added assumption
that 3y, /00t < < Byo/8x results in the form of the familiar
time-dependent diffusion theory with D and ¢ again
given by Egs. {232 and b).

The P,-approximation based on a collision density ex-
pansion gives the two equations

(a\u+—§—.\)%+(l—-c)ﬂ(x)“ So (x)

1 2 dF,
3(M+3 )a

In the case of isotropic sources, Egs. (24a and b) combine
to give

(24a)

(1= cf) Fx (x) = 8,(x)
(24b)

d?F,

—D' = (x) = So(x) (252)
D’ dF,
F 1 (x) =
(B &
(25b)
where the “diffusion coefficient” is
ey
" (26)

3(1—ef))

As is the case in the flux-based diffusion theory, a quad-
ratic truncation of A(p) is not necessary to obtain the
results given in Eqs. (25 and 26).

The uvsual result of exponential spatial decline away
from sources in infinite media is found for flux and col-
lision density. The “period” of the exponential, the
diffusion length L, is given by

- 1
L= %o, 27
0o (1= ) (1 = of) (o0 + 5
based on a flux expansion, and
(o2
Li= (28)

3(1—¢){(1—¢f)

based on a collision density expansion. The dissimilar
results obtained from a P,-approximation based on flux
and collision density expansions have been pointed out.
The divergence of results for the P,-approximation can be
illustrated by considering the ratio Ly/L, for a given
problem. Suppose that A (u) is actually an even quad-
ratic, i.e., A, = 0 for n = 1 and n > 2. The corresponding
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Fig. 1. The ratio of diffusion lengths as calculated by a
neutron flux based and collision density based
P,-approximation for the case of an even
quadratic meaon free path,

Alul = Ag -+ AP {pd

o (n) is not a quadratic, but only o, and o, need be com-
puted since these coefficients determine Ly. In Fig, 1 the
results are displayed for the range A./A,€(0,2). Clearly,
the flux and collision density based expansions can lead
to significantly different results.

It should be expected that the two- diffusion theories
give different results. Note that whereas the y-approxi-
mation yields an accurate representation for neutron
current ¢, (x) but an inaccurate (truncated) representation
for collision density, the F-approximation results in an
accurate representation for total interaction rate F,(z)
but an inaccurate representation for current. For several
reasons it will seem that the collision density expansion is
favored in this work. However, these reasons are mainly
of an algebraic character and it should not be construed
that the F-formulation is, in all cases, superior.

Approximations of higher order than P; are accom-
plished following the usual general prescriptions. The
added complications due to the angular-dependence of
the mean free path place no restrictions on the formalism.
Higher order approximations lessen the differences ex-
hibited by the ¢ and F-formulations.

D. The Double-P,-Approximation

- The double-Py-approximation is derived from Yvon's
method whereby the angular-dependence of the neutron
flux, or collision density, is decomposed into contributions
from -+x-directed and from -—ax-directed neutrons. In
order to simplify notstion, let us consider the case of a
stationary state in a medium characterized by isotropic
scattering. The plane symmetry, monoenergetic neutron
transport equation, Eq. (3), is then

bt (o) + o) () = 5

x j o () v ) it + S ()

’ 3

(29)
Use the half-angle-range expansions
Y{mp) =23 @n+ 1) ¢ () Pu(@p— 1),u>0
(302)
=Z (2 + 1) y; (x) Pa(Zp + 1), <0
" (30b)
S(x,p)=Z(n+1) 5, () Pa(2p —1),s>0
{30c)
=T @n+1)8; () Pa(u+1),p<0
' (30d)
olp)=Z oy Pa(2p—1),n>0 (30e)
=S o P+ 12 <0 (30£)
to obtain the set of coupled differential equations
n dﬁ~1+n+1d¢:+l+dﬁ
Sn+1 dr  on+1 dc - dx
+2 2@+ 1) Aimn oL ¥i
Lm
= o X (o193 F 03 91) + 2355
{3y

The double-Py-approximation is defined by the require-
ment y=(x) = 0 for n > N and the equations labelled by
n > N are discarded.
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The same analysis is followed for the collision density
based approximation. Thus, with the definitions

Flr,p)) =2 @n+ 1) F (2) Pal2u—1),p >0

(322)
=3 (2 + 1) F; () P (2 + 1), <0
(32b)
l(#)mnzf\:‘.?u(ﬁﬂ“l),#>0 (32c)
= S0 P2+ Du <O (32a)
the transport equation is obtained in the form
T 2 (24 1), Aimne d;;
oy S @ DX Ann =
= T+ A;,,.,‘d L+ 2F:
L " dx "
= ¢8n, (F; + F;) + 28; (33)

The collision density double-Py-approximation is defined
as in the y-formulation.

In addition to the usefulness of Yvon's method in the
solution of problems where accurate representation of
source or free boundaries are required, there is an added
Bexibility for the angular-dependence of the mean free
path. Thus, A (u) may have one form for p >0 deter-
mined by the set {)%}, or {¢2}, and another form for
r < 0 following the set {A;}, or {o}}. For example, by
using these methods a symmetric A (u) which varies
linearly with g for p > 0 and u < 0 can be expressed by
using only two terms in each A{u) expansion, i.e., set
A= A;,At = —A;, and A3 =Oforn > L.

E. A Moment Decomposition

In the usual theory of neutron transport through homo-
geneous media, it is well-know that any space-angle
moment of the neutron distribution can be found even
though the distribution itself is unknown. In fact, an im-
portant method of determining the neutron distribution
is the construction of a likely 8ux shape from a finite set
of moments. Let us now consider a moment decomposi-
tion for the case of an angular-dependent mean free path

where, as in our previous considerations, two formulations
will be examined, i.e., with ¢ and F as dependent variable,

We define the neutron flux and source moments by

ﬁ=["9%ma (342)

51 = f 215, (x) dx (34b)

Assume that the medium is of infinite extent., Multiplica-
ton of the stationary state form of Eq. (10) by x/ and
integration over x€(— w0, + o) vields the set of algebraic
moment relations

3 (2 + 1) ondimn (I ~ cfa)yh =84, +
l.m

i
2n 4+ 1
x [nw +(n+1) w’m]

With the collision density moments similarly defined,

ie.,
+o0
-
~-®

and performing similar operations on the stationary state
form of Eq. (15), the result is a set of algebraic equations
relating the ccllision density moments, i.e.,

(35)

2/F, (x) dx (36)

(1*01:") Fl'me—i—

n n

E (21 + 1) Amfilm..rs-l F{’l

1(n+l)
2 1 1Em(21+ I)AvalmunF,
{(37)

"The moments of the neutron distribution resulting from
-a unit, plane, isotropic source (at x = 0) are easily in-
terpretable in terms of important macroscopic parameters.
For this source, 5! = 8,,8;,. Consider calculation of flux
moments first and then contrast this result with the
method applied to collision density moments. For the
sake of definiteness, assume that o (n) is an even M de-
gree polynomial in p. With o (u) an even function, it is
clear that ¢! =0 for { + n odd. An examination of Eq.
(35), using the properties of the set {Ama}, indicates that
with M0 and n+f even, ¢! depends on ¢}7%, ¢i;,
'ﬁ;n—iﬂ’ 'lbln-ilpz + Ty 'mex-zs 'Ibm-jr Thus’ ¢ncan not be
determined without employing a truncation on the set
{¢n(x)}. This is, of course, the simplification used in a
Py-approximation and would not yield exact moments.
The familiar case of M = 0 poses no such difficulties and
one can readily find the exact moments.
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In considering the collision density moments, assume
that A (u) is an even M degree polynomial in .. It follows
that F/ = 0 for n + j odd. It is also possible to show, from
Eq. (37) and the properties of {Ayun}, that F/ =0 for
n>{(M + 1) and therefore, with finite M, any collision
density moment can be calculated exactly. For example,
for the case of M = 2

FE_ .. 18 A2
== 2t T T T A= oy

(38)

where (x®) is the mean value of x* and L, is the diffusion
length as calculated by a collision density based
P,-approximation. Note that the result of Eq. (38) is unlike
that found in the angle-independent mean free path case.
In that case M = 0 and the second spatial moment is given
correctly by diffusion theory, i.e., (x*) = 2L* both in the
exact calculation and in diffusion theory.

In passing, note that the set {yi} can be found from
the set {F!} via the easily derived relation

1

The result of Eq. (39) does not contradict the earlier
assertion regarding the problem of finding the flux
moments. When the determination of the {y/} is ap-
proached directly by Eq. {35), it is the total cross section
which is considered to be an M-degree polynomial in p.
When {¢/} is found using {F!} as in Eq. (39), the mean
free path is assumed to be an M-degree polynomial in p.

F. The Case of Isotropic Scattering

The stationary state form of Eqg. (13) with the additional
assumption of isotropic scattering gives the collision
density equation

A 5P @n) +Fan =5 [ F ) di + 5
| ) (40)

In this case of isofropic scattering an angle variable
change is suggested. Specifically, define the angle vari-
able u = pA{u)/A(1), measure x in units of A (1), and
change dependent variable to F(x,u)=g(u)F (x, )
with g(u) =|dp/du|. With the source density change
S (x,u) = g (u) S (2, n), Eq. (40) takes the form

u%F(x,u) + Flx,u) = .z‘ig (u)f”F(x,u') du’ + S (x, u)
B (41)

Various aspects of the solution of Eq. (41) will be

considered.

1. Legendre Polynomial Expansion

Following the procedure used in the derivation of Eq.
(10), the coupled differential equation form of the trans-
port equation

n dF,‘..I n-+1 an+1
T+l dz T emEl dz T Ir@®
gn
= g Fo(x) + Sa (2) (42)

is obtained where the Legendre polynomial expansions
are used:

Faw=32 1 p me,w (4w
Sew=32 L5 @Pw  (43b)
() = 3 guPa(u) (430)

It should be noted that the requirement of a symmetric
A () imposes the condition that g, = 0 for n odd.

The idea of a Py-approximation is equally well-applied
here. For example, the P;-approximation (diffusion theory)
takes the usual form [cf., Eq. (25)]

1 d*F,
-——E““dx_—,_“i'(l—cgo)Fn:So (443')
__1dF,
Bi=-ggm )

where only isotropic sources are allowed,

2. Moment Decomposition
With the collision density and source moments defined

in the usual manner {ie., by Eq. (34)], Eq. (42) can be
transformed to the algebraic set

CEn Fj

S = G}
=St aaT

(45)

5~
+2+1[nF +(n+1)Fi3

It has been assumed that A () is symmetric which implies
that g(u) is symmetric. We also find that F! =0 for
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j + n odd, and, for odd n, F{ depends only on F{:! and
Fi-3. Furthermore there is the interesting property that
the spatial moment F{ depends only on the set of moments
{F!, n + i =7}. Therefore, the calculations of a low-order

spatial moment require the specification of a2 small num-

ber of the g, and the prior determination of a small

number of other moments.

As an example, calculate by these methods the second
spatial moment of the neutron distribution resulting from
a unit, plane, isotropic source (at x = 0). In this case
8 = §nobs0. The moments F? F?, and F! are easily deter-
mined and are the only values required in the calcula-
tion of F2. For the normalized second spatial moment
[¢£., Eq. (38)],

2¢cz,
w21t TE (46)
= F° 3 1-cg,

3. Normal Mode Expansion

The recently developed normal mode technique (Ref.
3) will be applied to the problem of determining the
exact and asymptotic solution of Eq. (41). In so doing
there is generated an interesting mathematical problem
the details of which are considered in Appendix B, Con-

sider the homogeneous form of Eq. (41), ie., S=0.
Translational invariance suggests the “ansatz”
—x
F(x,u) = ¢ (v,u)exp (—v—w—) (47)

where the separation variable v is allowed to be complex.
The integral equation

(v - u}p{v,u) = _g_ v (u) ‘[:’ ¢(v,u)du’  (48)

is thereby obtained. Adopting the usual normalization,

f " ewdu=1 (49)

If solutions of Eq. (48) are allowed to be distributions (in
the sense of L. Schwartz, Ref. 4), then

s =SB L s-w (0)

Assume that g(u) satisfies a Holder condition (Ref. 5,
p. 11) on the interval of the real line ue(~1, +1). Any
singular integrals which might appear are then of the

Cauchy type and their evaluation is defined as the Cauchy
principal value (Ref. 5, p. 26).

The normalization required of ¢ (v,u), ie, Eq. (49),
leads to a specification of allowed discrete values of v in
the region of the v-complex-plane excluding the line
{—1, +1), and to a specification of the function A (v} for
ve(—1, +1). To aid in the analysis of these results, define
the Cauchy integral, G (v), by

G zz—f;[:’-f-(;‘f);—du (51)

With v ¢(—1, +1), Eq. (49) gives
1+ izcvG(v) =0 (52)

which has a set of roots which are distinet. With
ve{—1, +1}, Eq. (49) yields an explicit formula for the
function A (v) and no restrictions are placed on allowed
values of v. We find

A(y) = 1+ ircvG (v) (53)

Thus, if the definition of A {v) is extended, as expressed
in Eq. (53}, to the entire w-plane, the zeroes of A (v} deter-
mine the set of allowed distinct values of v. Since g(u)
is symmetric, G (—v) = —~G (v), whence, A (v) is an even
function of v. The zeroes of A(v), therefore, appear in
pairs which are labeled =-v;.

A set of functions of the angle variable u indexed by »,
{ (v, u}} have been found. There is a discrete indexed set

with v¢(—1, +1) and members characterized by

_ Cwvglu ()

$(Evpu) = T, 5 (54)
and, a continuous indexed set with ve(—1, +1) and of
form given by Eq. (50). The function A (v), which appears
in ¢ (v,u) for ve(—1, -+1), is given by Eq. (53). Further-
more, the zeroes of A (v) for v¢(—1, +1) establish the set
of discrete indices {zt-v;}.

If we assume that g (u) 40 for ue(~1, +1), Eq. (48),
with the normalization of Eq. (49}, may be written in the

form
-2+ )
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Multiply Eg. (55) with index v by ¢{+,u) and sub-
tract the result from Eq, (55) with index +' multiplied
by ¢ (v, u). Employing Eq. {48) and integrating over
ue{—1, +1)

1 1 oy , _
I:—"'-- ';7} . ?;-(_u-)- dp{v,u)e(V,u)du=0 (56)
There is clearly no degeneracy and thus Eq, (56) may be
rewritten as the orthogonality relation

+1
_[_1 g(u) ¢(v,u) ¢ (v, u)du = 0forvsey (B7)

The nature of the orthogonality relation including the
case v =" depends on whether v is a member of the
discrete index set or belongs to the continuum. If v is
a discrete index, then

(58a)

[+ ” ¢ (Zviu) d(Evi, u)du =1 (FEv;) 85

. 8(w)
L& [ _ugly)
I{+v;) = ":{'v;/: ;= )2 du

1

(58b)

If v belongs to the continuum, then

+1 Az(v) Iy
[ sremetina=ds0-n 6

It was found that the set of normal modes {¢ (v, u}} is
orthogonal, with weight function u/g (1}, on the interval
ue{~1, +1). For the remainder of this section assume
that the normal modes are also complete in the space of
functions which satisfy a Holder condition on the interval
ue{—1, +1). Appendix B, in measure, substantiates this
hypothesis by demonstrating the existence of the modal
expansion coefficients. In so doing, the interval of com-
pleteness is generalized to include all physically relevant
cases.

Assuming that the normal modes form a complete set
on the interval ue(—1, 1), the general solution of Eq.
(41) is in the form

Peu=Sa0)stuen(E) @)

where the summation indicates integration over continu-
ous spectra when applicable. In many problems there are
boundary conditions which can be formulated as

FO,u)=¢{u)= 3 a(v) ¢ (v,u}forue(—1,+1)

(61)

10

Cz /+z
= du
4],

and the orthogonality relations can be used to determine
the expansion coeficients, & (v). In detail, Eq. (61) is re-
written as

$(u)= jza(‘*'w)t#(‘*‘w.ﬂ) + ? a{—vy)¢(—vsu)

+ fﬂa(y)cp(v,u)dvforue(—l,-i-l) (62)

Direct application of the discrete index orthogonality
relation, Eq. (58), yields the discrete indexed expansion
coeflicients,

I Hou
ﬂ(ﬁv;) = I(ﬁv,) [1 g(u) ‘if’(u)‘f’(ﬁ"h“)du

(63)
Using Eq. (57} in Eq. (62) gives the result
X [ % e () b
(64)

There appears a doubly singular Cauchy integral and thus
the order of integration in Eq. (64) may not be reversed
without due caution. The doubly singular term appears as

c—zv[ﬂduug(u)
4 "/, v U

Assume that a (v) satisfies a Holder condition for ve(~1,
+1) and follow the dictates of the Poincaré-Bertrand
formula for inverting the integration order (Ref. 5, p. 57).
Then

+1 g (V')

!
2 VYV —u

dv’

1 v'a (v')

r
1 ¥ u

ug (u)

vy — U

d = rf-iwg(v)a()

+-_--vf gorel) [uel o e

vV —u g v U

Using Egs. (59} and (65) results in the more useful
“orthogonality relation,”

* u +1 , , ,
/:1 d"mﬂv’“)/.l a{v) ¢ (v, u) dv
= I(v}a(v)forve(—1, +1)

1= (5) +(5) ]

(662}

(66b}
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Now, applying Eq. (66) to the problem of finding the
continuum expansion coefficients in Eq. (62),

1 1oy
a<v)=m[‘m¢<u>¢<v,u)da (67)

forve(—1, +1)

G. The Green's Function for the Case
of Isofropic Scattering

As a specific example of the use of the relations just
developed, consider the problem of finding the infinite
medium Green’s function for isotropic, plane sources. In
this case, the source density, 5 (x, u)}, of Eq. (41) represents
a unit, plane, isotropic emission of neutrons at a position
which is designated x =0, ie, S(x,u)=g(u)8(x)/2
Integration of Eq. (41) over a vanishing interval about
z = 0 yields the boundary condition

ulF (0" u)— F{0,u)] = gg‘) forue(—1, +1)

(68)

The additional condition that as |x]-» e, F(z,u)~ 0 is
imposed and the sclution is expressed in the form

Flr.u)= 3 a{+v) ¢(+v,-,u)exp(-:£)
] Vi

+ j;“ a(p)qs(v,u)exp(:;:—) dvforz >0
(69a)

F(x,u)= — ?G("w)@(""h ”)GXP(%)
_./:a(,,)q;(v,u)exp(:;f)dvforx-(ﬂ
(69b)

The source condition, Eq. (68), then takes the form of the
general boundary condition, Eq. (62). Specifically

u u
m‘?ﬂ(*‘w)'ﬁ(*‘%u)4‘”“"8(“)?0(“”;)4&(“":,“)

u 1 _1

+m i a(v)¢(v,u)dv---2-

(70)

Whence, employing the normalization expressed by
Eq' (49):
1

a(xvy) = T (71a)
aly) = EI—I(-Jforve(—l, +) (71b)

and the solution of the Green’s function has been com-
pleted.

Some aspects of the Green’s function will be examined.
For simplicity, assume that there is only one pair of zeroes
of A(v), =vs. A sufficient condition for this property is
developed in Appendix A. The Green’s function is then

given by
-z
exp{——

u%,%s;_) exp(':;ﬁ) dvforx >0
’ (72a)

— ¢(+v0ru)

Fleu) = gri7y,)

B

Yo

(P4

-Xx
L3I exp (—-;-“-) dvforx <0

(72b)
With the definition

o) = [ & (v, 1) Po () du (73)

and the easily derived symmetry properties,

I(—ve) = —I(+wvo) and I{—v) = —1(»),

the collision density moments for the neutron distribution
from a unit, plane, isotropic source, are

B 1! v{:I
Fl =5 [$a(Fve) + (—1) ¢u (—va)] I (4w}

+"§'f [gn (v) + (-—«1>f¢-(“")3‘i*‘f(‘%d"
(74)

11
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Using Egs. (9}, (43¢), (48), and {49), a recurrence relation
is obtained for the set {¢4{v)};

Cn + 1 vea(v) = ndu_1(v) + {n + L) pnos (v} + cvgs

(75)

and the normalization ¢, (v) = 1. Note that Eq. (75) im-
plies that ¢, (v) is an even, or odd, polynomial in v of
degree n. Therefore, ¢,(—v) = (~1)*¢,(-+v), and Eq.
(74) reduces to

+1 i+
S = " ve) + e (V) Y
m= i rfigeea+ [ gy eos]
ifj+ niseven (76a)
Fi=0 ifi+nisodd (76b)

Already considered is the moments set {F/}. For this
particular case the {F/} is determined from Eq. (45} and
the source condition 5/ = 8,,8,. In passing, note that the
consistency of Eq. (45) and (78) is easily demonstrated via

the recurrence relation Eq. (75). Moreover, equating the

F} and F§ moments as derived by the two relations gives

T(Fv9) "'f I(V) 1—cg., (77a)
v3 oy 1 L+ 2€=;g2
Ty f o Y= T A=y (0

From Egs. (77a and b) an explicit expression for the dis-
crete index v, is obtained:

y (14

3 1"'"'an)
lmcgn f o7 & (78)

For ¢ <1, vo is real and is interpreted as the exact
asymptotic diffusion length [here, measured in units of
A {1)]. It should be noted that the integral terms in Eq.
(78) depend on ¢ and {g,.} via the dependence of I (+) on
these parameters [cf.,, Eq. (66b)].

v

an

lll. REMARKS REGARDING APPLICATION OF THE THEORY

A lLimited number of considerations relevant to the
application of the theory presented in Section II will be
developed as a brief illustration of possible methods of
application of the present theory to physical problems.
Many interesting calculations are possible, and with the
accomplishment of experimental measurements of neutron
distributions in the types of media under discussion, many
comparisons of theoretical and experimental results would
be profitable.

Methods of determining the proper variation of mean
free path are certainly required if these mathematical
formulations are to be applied to physical problems. In
this section the general types of heterogeneity, toward
which the current theory applies, will be discussed. A
simple method will be detailed, using known diffusion
lengths, to specify the angular dependence of the mean
free path for a particular type of heterogeneity.

12

A. Types of Heterogeneity

The motivation of the present effort, as mentioned
earlier, is the establishment of a method of homogeniza-
tion of regular arrays of vacuum channels for the purpose
of neutron diffusion calculations. Also imposed was the
necessary restriction that, in general, the type of hetero-
geneity considered should yield two characteristic
orthogonal directions. As an example of the caution which
must be exercised in application of the theory, consider
a type of heterogeneity which, at first approach, appears
to satisfy the necessary requirements, but which actually
is unsuitable for these methods. Specifically, examine the
case of a periodic slab array of scatterer and vacuum.
This heterogeneity exhibits two characteristic orthogonal
directions; perpendicular to slab, and the directions in the
plane of the slab. Moreover, the direction perpendicular
to the slabs (transverse to slab “channels™ yields con-
siderations which are algebraically easily accomplished.
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If A(z,x} represents the mean distance traveled to a
collision by a neutron located at a position z to the left
of the right-hand-face of a slab of scatterer, traveling with
direction cosine p. relative to the slab perpendicular direc-

tion, gives
. _Z:t_"exp( "'".'3:)
As
A, x) = Ay + £ _,F fors=T,n>0
1-— e
exp( Agpt (79)

In Eq. (79), A, is the mean free path in the scatterer
material which has slab thickness T,, and T, is the
vacuum slab thickness. For the homogenized medium we
require a function A (p) which, it would seem, should be
a “suitable” average of A (g, x). For the case of isotropic
scattering, the average

[ " A (i 2) o () dx
A{p) =
ﬁ%(x)dx

(80)

is clearly indicated. In Eq. (80), ¢, (x} represents the actual
angular integrated neutron flux. Note that, in the present
case, ¢, (x) can be found. Far from neutron sources there
is ¢ (x) — exp (x/L,) where L, is the “asymptotic” diffusion
length in the scatterer material. A note in passing: if
T,/L, << 1, then y,(x) is approximately constant and
Eg. (80) gives the result

A = (14 ) (&)

which is the “simply homogenized” parameter. Of course,
the condition T,/L, < < 1 should yield the homogeneous
limit.

If = now represents the direction perpendicular to the
slabs we have the asymptotic result yo (x) = exp (—z/L,)
when the position x falls in a scatterer slab and y, (x)
is a constant when z falls in a vacuum slab. The “best
fit" to this flux, for the homogenized medium is
Yo (x} > exp (—x/L) where L is the simply homogenized
diffusion length, ie, L=L,(1+ T,/T.). This result
would be obtained if Eq. (81) were used. In this partic-
ular case, the situation is that a calculation based on an

angular-dependent mean free path yields results less rep-
resentative than the simply homogenized calculation. It
is expected that, in the orthogonal characteristic direction
(i.e., in the plane of the slab), use of an angular-dependent
mean free path is indicated.

The case of a calculation in the slab perpendicular
direction for a periodic slab array is certainly excluded
from the present considerations. Moreover, no motivation
should be felt toward developing a theory for that case
since it is easily treated by a standard method, i.e., change
of position variable to “optical thickness.” Consider now
the details of a macroscopic-parameter-based calculation
for a heterogeneity for which the present methods were
clearly intended, i.e., a regular array of eylindrical vacuum
channels.

B, Cylindrical Channels in a Regular Array

Consider a regular array of vacuum channels of cylin-
drical cross section. With every vacuum channel of cross
sectional area A, a cross sectional area of scatterer mate-
rial A, is associated such that V = A,/A, is the ratio of
vacuum volume to scatterer volume characteristic of the
medium, Label the axial, or longitudinal, direction with
z and direction cosine p, and the radial, or transverse
direction with y and direction cosine 5. Due to streaming
along channels, different diffusion properties in the x- and
y-directions are expected with both of these cases being
different than the simply homogenized diffusion. The
simply homogenized mean free path is given by

M=+ V) (82)

*Before presenting a specific method for obtaining a repre-
sentative A (u), some general comments will be made
regarding the features of such a calculation. It is clear that
only two representative directions are being considered:
axial, or z-direction; and transverse, or y direction. It is
also clear that in the present lattice the actual description
of a straight line path in the transverse direction starting
from a point in the scattering material depends upon
both the azimuthal angle about the x-direction and the
particular position in the scattering material relative to,
say, the center of a vacuum channel. A “suitable” aver-
aging technique must be employed. Furthermore, the
same difficulty is encountered when considering a descrip-
tion of an axially-oriented path, Let A, {u) and A, ()} rep-
resent the angular-dependent mean free paths with
respect to x-direction diffusion and y-direction diffusion,

13
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The following constraints on the “suitable” averaging
technique seem intuitively reasonable:

1. The average mean free path based on axial and
transverse directions should be equal, ie,,

j_ Cdu= [y (83)

1

2. The axial mean free path in the transverse direction
(i.e., at u == 0) should be equal to the transverse mean
free path in the transverse direction (i.e,, at n = 1),

ie.,
Az (0) = Ay (1) (84)
3. Both axial and transverse mean free paths should be
svmmetric, i.e., )
Ao () = A (—p) (852)
Ay(n) = g (—) (85b)

A possible method of obtaining A (g) is to find, as a
function of starting position in the scatterer, the mean
free path length traveled in all directions. Then, upon
“suitably” weighting this quantity, according to whether
Az (p) or A, (n) is desired, an average yields the angular-
dependent mean free path. In even the simplest lattice
this is a geometric task of considerable magnitude. Here,
for the sake of brevity, an alternate, albeit certainly less
self-contained, route will be taken. Assume certain macro-
scopic diffusion parameters, such as diffusion length, are
given and use the general constraints of Eqs. {83-85) to
obtain a representation of the mean free path which yields
the given parameters. To be specific, assume that A, ()
and A, (y) are even quadratics of the respective variables.
Thus, in terms of the Legendre polynomial expansion

Ap (#) = Aze T AszP2 (P') (86&)

Ay () = Ao+ ApaPa(u) (86b)

From Eq. (83) Aso = Ay, and this result used in Eq. (84)

vields A,; = —A../2. Therefore, in terms of the two un-
knowns, A, and A, Eq. {86) may be reformulated as

Ar{p) = Ao + AsP:(p) (87a)

As(7) = Ao =5 AP (5) (87b)

14

The arguments used here with respect to the mean free
path also apply to the determination of the total cross
section. Thus, the general constraints are expected:

L ﬁ " el dp = [ :lvu (n}dy

2. 0:(0) = oy (1)

3. or (1} = or (—p)
and

ay (’7) = oy (""’?_)

I the total cross section is assumed to be an even
guadratic, then in terms of the two unknowns, o, and o,

o () = oo + a2P; ()

1
oy(n) = a0 — 5 a2P; (n)

For the remainder of this discussion assume that the
neutron collision density is used as dependent variable
and thus the mean free path is the relevant parameter.
These considerations can be equally well applied to the
neutron flux and total cross section.

From Egs. (28) and (87) results are

(422
L2 = ’ 5 (883)
T 3(1=c)(l—cfy)

. ( oy

e Ao =g (88b)
P31yl —cfy)
Also,
Li= d (89)
T 3(1—¢) (1~ cf)
From Egs. (88 and 89}
Ao _ (L
L (90a)
({Ly= f; + 2; : (90b)
t\.g 5 Lg LU
= “s:"[“LT‘ L.] (80c)

Measured values of L, and L,, or other theoretical treat-
ments, can be used to find L, and L, in order to determine
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Ao/A, and A./A,. For example, if Behren's theoretical
formulation (Ref. 1) is used,

2
() =1+ev+—gg—+ oV
' (7)1 |
(91a)
2 3
(£2) =r+eve —pe— +RV
' (7)1
(91b)

- where R is the ratio of the vacuum channel radius to A,.
In Fig. 2 L./L, and L, /L, are presented as a function of
R, Re(0,5), for the cases V = 0.5, 1.0 and 2.0 as deter-
mined by Eq. (81). Then in Fig. 3 for the same values of

5 /
X
/VﬂE.O

4 //

/ }"_.“'”
‘_"‘ /
—

3 - “_‘>/ LO
L] -
.‘J\ .—".—'?

e e e

-ﬁs""‘-"

i

0

o 1 2 3 4 5

A

Fig. 2. Neutron diffusion lengths as found
by Behren’s theoretical
formulation

R and V, the results for A,/A, and A,/A, are based on the
curves in Fig. 2.

It should be noted that what is referred to as L and L
is Eq. (91) are actually calcnlated by Behrens (Ref. 1) as
{x%)/2 and (y*)/2 and, vxa Eq. (38),

. . 18 A2
@) = L o= (92a)
}}”
") = L3 + 4 (92b)

175 (1 ~¢)(1 —cfs)

If Az > 1 the validity of Fig. 3 as a relevant representation
for A () is questionable. However, truncation of A (p) at
a quadratic would, in that case, also be of questionable
usefulness.

5
V=20
4 r/
AO/ks //
3 __.---—"""/ /"’i:_o/'
‘<h /
™~
e // ___,...—9-.2"
< 2 e 2.0-
—-_,_.-—"". ”/" 1.0
- e
i -XZ/AS ”.--—'4‘" 05:
- — s
- -t —
-~ - —
//"’.——’ —
T
0 | 2 3 4 5
R

Fig. 3. Expansion coefficients for an even quadratic
representation of the mean free path
angular dependence

15



JPL TECHNICAL REPORT NO. 32-6B6

IV. SUMMARY

"The mathematical formulation has been developed of a
new approach to the homogenization of certain types of
heterogeneous media (such as a regular array of vacuum
channels) for the purpose of neutron diffusion calculations.

The new method is based on the inclusion of an angular-
dependent mean free path in the theory of neutron trans-
port. In the present effort, calculations are restricted to
media with plane symmetry and monoenergetic neutron
theory is employed. Extension to energy-dependent theory
and to other symmetries would probably follow the gen-
eral lines for the familiar, angular-independent case
without significant additional complication, However, it
seems clear that the requirement of the existence of two
orthogonal characteristic directions in the development

of the angular dependence of the mean free ?ath must
be imposed.

It was found in this Report that a2 neutron flux based
theory and a collision density based theory can lead to
significantly different results when low-order approxima-
tions, such as diffusion theory, are employed in the solu-
tion of the transport equation. For the case of isotropic
scattering, the normal mode technique is applicable, and
exact, closed-form solutions can be determined.

Evaluating the results implied by the present theory
with respect to measurements is impossible. There is a
current lack of pertinent experimental results for neutron
distribution description in the relevant type of media.

APPENDIX A

The Funclion Af{v)

It has been found previously that the zeroesof A (v) for
v¢(~1, +1) are the discrete set of normal mode indices
and that they appear in pairs, *v;. The number of these
allowed discrete indices will be discussed. To this end,
and for relationships which are useful in Section II G,
there follows a brief study of the general properties of the
function A (v} as defined by Egs. (51) and (53), i.e.,

Aly) = 1+ frevG(y)

1 [ gly
G(v)_zn-i - u—vdu

In terms of the set {g,}, as defined in Eq. (43¢}, A (v) may
be rewritten

Aly)=1—c¢v % £:0a(v)

where Q,(v) is a Legendre function of the second kind
defined for the entire v-plane by an extension of the

186

(A1)

Neumann formula (Ref. 2, p. 51) to include v ¢(~1, +1),

ie.,
am=5/

with singular integrals evaluated as the Cauchy principal
value. For large v, vQ,(v) varies as v Thus, A(v} is
bounded for large v. Furthermore, the Q, (v) are analytic
in the v-plane excluding v € (—1, +1) and, therefore, A (v}
is analytic in this same region. The contour illustrated in
Fig. A-1 and the argument theorem (Ref. 6, p. 118) estab-
lishes the number of zeroes of A{v) in the region
v ¢ (-1, +1). Since the zeroes of A (v) appear in pairs, the
number of zeroes are denoted by 2J. The argument
theorem applied here yields

P, (u)

v U

(4-2)

4x] = changeinarg A*(u)onC,

+ changeinarg A~ (u)on C. (A-3)



JPL TECHNICAL REPORT NO. 32-686

bt e -

L
N ._‘ -
- o +f

Fig. A-1. Contour in v-plane used in determination of the
number of zeroes of the function A [v)

It was assumed that g (u) satisfies a Holder condition on
ue(—1, +1) and therefore G (v) is a Cauchy integral.
The Plemelj formulae (Ref. 5, p. 43) are applied to find the
limit values G* (u). It is found that

G () = C() = g(w) (a4)

where G*(u) and G~ (1) refer to the limit values of G (v)
as v approaches u from above and below the real line
respectively. From Eq. (A-4) the limit values

A (u) = A{u) = %cug (1) {A-3)

Now, A{u) with ue(—1,+1) is a real function (with
singularities at u = *1), so that A(0) = 1 and g(u) is a
symmetric function. Whence, the relations

arg A*(u} = — arg A~ (u) (A-6a)
arg A*(0) = arg A= (0) = 0 (A-6b)
A* () = A-(—u) (A-6c)

These results used in Eq. (A-3) yield the number of pairs
of zerces ] in terms of the single angle arg A*(+1), ie,

]= -}; arg A* (+1) (A7)

It should be noted that Eq. (A-3) contains the implicit
requirement that A*(#)5£0 for ue(—1, +1). This as-

sumption is not completely necessary; however, it prob-
ably applies to most cases of physical interest and its
application greatly simplifies these considerations.

A sufficient condition for ] = 1 will be developed in the

- case that g (u) is an N-degree polynomial in u, i.e.,

g = 3 gPalu) (A-8)

nz0 )

Note that the Legendre functions, Q,(v), can be ex-
pressed as

Qn(v) = Pu () Qa(v) — Waei () (A-9a)
Q,(v) = arctanhv, v e(—1,+1)
= arctanh—— v §(~L +1)  (ASb)

where W,_,(v) is an even, or odd, polynomial in v of
degree n — 1 (Ref. 2, p. 51). In these terms A (v) is re-
written as

AW =1=00u() 2 GPa() + 2 g Waes 1)
" . (A-10)

Also, as u— +1, Qo (u) = + o and P, (-1} = 1. Clearly,
W, (+1) is bounded, and thus, if

S g >0 (A-11)

A=l

then as u— + 1, A(v)— — co. From Eq. (A-5), in the
present case,

r)=a@+Eo I gl (ALY

n=0

Therefore, the following may be concluded: if Eq. (A-11}
holds and, in the range ue(0, +1),

S gPule) >0 (A-13)

n=o

then arg A*(+1) == and we have the desired result,
J = 1. It should be stressed that Eqs. {(A-11) and (A-13}
give a sufficient, not necessary, condition for the number
of pairs of discrete indexed normal modes to be unity.

17
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APPENDIX B

A Relevant Hilbert Problem

In Section II F the existence of the modal expansion
coefficients {a(=v;), i=12, - - - ,J,a(¥), ve(—1, +1)}
was assumed. Moreover, the orthogonality relations are
based on the whole angle range ue(—1, +1) and thus
only provide a means of determining expansion coeffici-
ents for the case of a boundary condition given over all
angles. It is found, by reducing the problem of finding

expansion coefficients to the solution of an inhomogeneous
Hilbert problem, that the existence of expansion coeffi-
cients can be demonstrated, and a method prescribed for
determining the value of the coefficients for problems in-
volving all physically relevant boundary conditions. The
techniques elegantly described by Muskhelishvili (Ref. 3),
are followed closely.

1. REDUCTION OF TRANSPORT PROBLEM TO AN INHOMOGENEOUS HILBERT PROBLEM

Transport problem boundary conditions will be en-
countered, in general, of the form

s = 2 a(ra)p(Fumn)+ 3 al=vw)e(=nu)

§=1

+ [ ? g (v) ¢ {v,u) dvforue(a, B) (B-1)

where —1==¢a < 8= +1. If it were possible by some
method to determine the set of discrete indexed coeffi-
cients {a(=xv;), j = 1,2, - - - ,J}, and define

Y=o 3 al+n)¢(+uu)

— 5 a(—v) (vt (B-2)

J=1

then there would be an integral equation for a(v),
vela, B), ie,

f P e olu)dv = (w)forue(a ) (B-3)
Using the derived form of ¢ (v, u) Eg. (50)

A(u)a(u)+-§-g(u)£ﬂ-ff_:%dy

= ¢’ {u) forue(a, B) (B-4)

18

From Eq. (A-5)

_c..ug (u) = -E}r.n—-;— {A"’ (u) — AT (u)]

> (B-5a)

A =A@+ a@] (BSD)

and therefore Eq. {B-4) may be rewritten as

21 () + & ()] wa (@) + [4°() = & (W] A @)

= ug¢’ (u) (B-a)
ot 2
foru (e, B) {B-6b)

There is assurance that A (u), as defined in Eq. (B-8b),
exists if a (u) satisfies a Holder condition on u € («, 8). For
the moment, assume that this condition is fulfilled and
define the Cauchy integral, A (v), over the entire v-plane,

Ap) = [ 288 4,

Swi f, U—v

(B-7)

The Plemelj formulae yield the limit relations on the line
ue(a, B),

A* (u) — A (u) = ua(u) (B-8a)

A (1) + A-(u) = 24 () (B-8b)
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The results of Eqs. (B-5) and (B-8) applied to Eq. (B-6)
give the alternate form
A+ (u) A* (u)

— & (W) A () = ug’ (u)forue(a, )

(B-9)

It was assumed that A* (u) =50 for u e (o, 8). With this
restriction Eq. {B-9) can be easily transformed to the
form of a boundary condition for an inhomogeneous
Hilbert problem on an are (Ref. 5, chapter 10). The prob-
lem of determining a{u) restated in these terms is:
Find the sectionally analytic function, A (v), vanishing at
infinity, with boundary condition on the line ue(a, B),

ug’ (1)
At (u)

A~ ()
o)

A (u) =~ A (u) + (B-10)

Note that the assumptions on g (u) and A* (u) imply that
A~ (u)/A*(u) is a function satisfying a Holder condition
and not vanishing on u € (e, 8), and, if it is assumed that
the angle boundary condition, ¢ (u), satisfles a Holder
condition and ¢ (==v;} exist, then u¢’ (1)/A* (u) satisfies a
Holder conditon on u€(x, §).

Summarizing will help clarify the procedure, If it is
assumed {what is to be proved) that a(u) satisfies a
Holder condition on ue(a, 8), then the integral A(v),
defined by Eq. (B-7), is of the Cauchy type. Now, Cauchy

integrals are sectionally analytic functions with boundary
the line of integration. Specifically, if (a, 8) is the line of
integration:

1. A(v) is analytic in v-plane eﬁciuding (e, B).

2. A(v) approaches well-defined limits as ue€(e,8) is
approached from either side of (a, 8) with possible
exception of the end points, « and/or 8.

3. Near the end points, A (v) satisfies the conditions

A

=T

lA(v)

asv-—>ra

AW =1 =5

1b asv-—» g3

where a, b, A and B are real constants, and ¢ <1
and b< 1.

Moreover, A (v) vanishes as |v|~» . The integral equa-
tion for a (1) has been transformed into the boundary con-
dition Eq. (B-10) which is the form of an inhomogeneous
Hilbert problem boundary condition. Thus, the original
transport problem has been reduced to an inhomogeneous
Hilbert problem. If a solution A (v) which introduces no
physical ambiguity can be found, then the assumption of
the existence of a (1), u € (a, 8}, will be substantiated.

H. SOLUTION OF THE HILBERT PROBLEM

In terms of
8 (u) = arg A*(u), A~ {u)/A" (u) = exp [ —2i¢ (u)]

the Hilbert problem boundary condition [cf., Eq. (B-10)}
becomes

_ug’ (u)

A (a) forue(a, B)

(B-11)

At (u) = exp [~2i 6 (u)] A~ (u) +

Since A (v) must also vanish|v|-» «, the solution (Ref. 5)
is

H{v) - ug’ (u)

- (u YA (@) B () 9

A = (B-12)

where H (v} is the fundamental solution of the associated
homogeneous Hilbert problem and is given by

HE) = (a— )o@ (g =)o@/ es®  (B-13)
The Cauchy integral @ (v) is defined by
B
ol) = — — f RGN (B-14)
T, UV

Providing « = 8 (8)/= — 8 (a}/= is a positive integer, there
are the « additional reguirements

B uie’(y) o
[ e 4=

forn=10,1, - -+ ,xk—1

(B-15)

19



JPL TECHNICAL REPORT NO, 32-686

These additional requirements are a necessary fea-
ture of the solution. It should be recalled that the
function ¢’ (u), ue€(a, B), is not completely specified,
i.e, the discrete indexed expansion -coeflicients,
a(=v;), in Eq. (B-2) are, as yet, unknown. For

HI. APPLICATION OF THE

Plane symmetry transport problems fall into two gen-
" eral categories:

1. Infinite media problems with full-angle-range bound-
ary conditions (such as the Green’s function solved
in Seetion 1I G}.

2. Half-space media problems with half-angle-range
boundary conditions (such as albedo or Milne type
problems}.

Combinations of the solutions of these type problems
lead to the solution of cases with finite media (slabs). For
full-range boundary conditions, the orthogonality of the
normal modes provides a direct method for determining
expansion coefficients. The solution of the Hilbert prob-
Jem in these cases demonstrates the existence of the co-
efficients and thus partally supports the completeness
hypothesis. For half-range boundary problems, there are
no apparent orthogonality properties of the normal modes.
In these cases, the solution of the Hilbert problem not
only provides proof of existence, but also gives a well
defined prescription for the determination of expansion
coefficients. The application of the Hilbert problem solu-
tion will now be outlined to the categories of full-range
and half-range boundary conditions.

In the case of an infinite medium, full-range boundary
condition problem, a source condition is usually given at
some position, which is chosen to be designated x = 0, For
¢ < 1, it follows that F{x,u) should vanish as |x]|— <.
Thus, the general form of solution is that given in Eq. (69).
The source condition can be formulated as

s = 2 al+n)s(+un+ T al=n)$(—nu)

forue(—1,+1)

+ fﬂa(v)gb(v,u)dv
(B-16)
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the general problems considered later, it will be
demonstrated that, in each case, the x require-
ments are necessary and sufficient for the complete
specification of all discrete and continyum expansion
coeficients.

HILBERT PROBLEM SOLUTION

Instead of using the obviously indicated orthogonality
properties, consider the coefficient evaluation by the route
prescribed in the Hilbert problem solution. Note that
«=—1 and 8 = +1, From Egs. (A-6) and (A.7), the
results are 8 (—1) = —Jr and 8 (+1) = J=. Therefore, in
this case, « = 2] and there are 2] requirements of the form
of Eq. (B-15). Specifically,

1 gne 1¢'f (u) _
f_ B =0

1

forn=20,1,---,8]1—1
(B-17)

Equation (B-17) provides a sufficient number of equations
to find the discrete indexed expansion coeflicients,
a(xv;), i =12, - - - ,]. The fundamental solution H{v},
[cf., Eq. (B-13)], is given by

H() = (=1 —v) (1 —v)/e?™  (B-18a)
o) = — % “%du (B-18b)

R

Thus, A (v) is determined [by Eq. (B-12)] and e(u} for
ue({—1, +1) can be found from the limit relation [cf.,
Eq. (B-8a)]

(B-19)

ua{u) = A* (u) — A" (u) forue(—1, +1)

Since the problem has been completely and unambig-
uously solved, it is clear that the supposition that a(u)
satisfies a Holder condition is substantisted and the

existence of the expansion coefficients has been dem-
onstrated.

For half-space media, consider two types of problems.
An “albedo problem” is described by a boundary con-
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dition at the medium surface (x = 0 with medium occupy-
ing z > 0) specified for u € (0, +1) and the condition that
F (x,u) vanish as x — cw. A “Milne problem” is described
by a similar boundary condition at x =0, but with
F(x,u) > ¢ (~v,u)exp(x/v) withv =v;, i = 1,2, - - - ,],

or ve(0,-+1), as x— co. These problems have been™

specified as boundary conditions on the half-range
u€{0, +1), With obvious modifications, the procedure is
easily applied to half-space media occupying x < 0 and
boundary conditions on u«{~1,0). With the half-space
occupying x>0, the general solution of an albedo
problem is

Flruw= 3 a(+“i)€"’(+"hu)exp(%’-§>

i=1

N /;u a{v) § (v, u) exp (_Tx) dvforxz >0
(B-20)

and for a Milne problem,

F(xu) = Aqb(—v,u)exp(-::—)

+ ,é a(*‘i—v;)fi’('*"’i’“)exp( _x)

vi

. j;u a(v) 4 (v,u)exp (me) dvforz >0
(B-21)

In both cases, the boundary condition at x = 0 can be
expressed in the form of Eq, (B-1), i.e.,

¢ (u) = Jéj a("*‘*’j)&#(‘["&’j,ﬂ)"’ [ﬂa(v)q&(v,u)dv

a

for ue(0, + 1) (B-22)

Now, a« = 0 and 8 = +1 and, from Egs. (A-6) and (A-7),
4(0) =0 and 8 (+1) = J». Thus, « = J and we have the
] requirements

+1 un+1¢’(u) _ _ o B
j; W@"}"dﬂmo forn-O,I, ,](33.23)

These are sufficient to determine the discrete indexed
coefficients, a(4v;), j = 1,8, - - - ,J. The fundamental
solution takes the form

H{vy= (1 — vy exp(®{) (B-24a)
o) = — _:1: f " ééﬁl.. du (B-24b)

The Hilbert problem solution, A (+), v€(0, +1), and the
continuum expansion coefficients, a(u), ue(0, +1), are
found as in the case of a full-range boundary problem.
Again, substantiation is found for the supposition of the
existence of the relevant members of {a(v)}. Moreover,
a prescription is found for calculating the expansion
coeficients when the use of orthogonality conditions is
impossible.

NOMENCLATURE

e modal expansion coefficients of F
A Cauchy integral with density a

A, cross-sectional area of scatterer material per lat-
tice cell

A, cross-sectional area of vacuum per lattice cell
Atmn
¢ neutron scattering probability

D diffusion coefficient

triple Legendre polynomial integral

f neutron scattering distribution

f» Legendre polynomial expansion coefficients of f

F neutron collision density
F, Legendre polynomial expansion coeflicients of F
F!  angle-space-moments of F

g Jacobian of angle.variable change, i.e.
g () = |du/dul
g. Legendre polynomial expansion coefficients of. g

21
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-— = D

22

NOMENCLATURE (Cont'd)

Cauchy integral with density g
fundamental solution of Hilbert problem
orthogonality integral value

half of the number of discrete indexed eigen-
modes

neutron diffusion length based on an F-expansion
neutron diffusion length based on a ¢-expansion
asymptotic diffusion length in scatterer material
diffusion length with respect to x-direction
diffusion length with respect to y-direction
Legendre polynomial '

Legendre functions of the second kind

ratio of vacuum channel radius to A,

neutron source distribution

Legendre polynomial expansion coefficients of §
angle-space-moments of S

time variable

slab thickness of scatterer material

slab thickness of vacuum material

angle variable defined by u = pA (1)/A (1)
neutron speed

ratio of vacuum volume to scatterer volume, ie.
V= A,/A,

regular part of Legendre functions of the second
kind

position variable

mean value of x*

position variable perpendicular to x-direction
Dirac 5-distribution

smn

Tn
L

Oy

$n

¥n
¥h

Kronecker 8-distribution

included in the interval

direction cosine of neutron travel relative to
y-direction

argument of the function A

Cauchy integral with density §

index of the Hilbert problem

neutron mean free path

simply homogenized medium mean free path
Legendre polynomial expansion coefficients of A
mean free path with respect to x-direction

mean free path with respect to y-direction
coefficient of 8-distribution in angle eigenmode

direction cosine of neutron travel relative to

~ x-direction

angular flux eigenvalues

discrete indexed angular flux eigenvalues

total cross section

absorption cross section

Legendre polynomial expansion coefficients of o
total cross section with respect to x-direction
total cross section with respect to y-direction

angular flux eigenmodes (and angular boundary
conditions)

Legendre polynomial expansion coefficients of ¢
neutron flux distribution

Legendre polynomial expansion coefficients of ¢
angle-space-moments of ¢

unit vector in direction of neutron travel



REFERENCES
p. 607, 1949.

2. Hobson, E. W., The Theory of Spherical and Ellipsoidal Harmonics, Chelsea Publish-
ing Co., New York, 1955, )

3. Caose, K. M., Annals of Physics, [New York), Yol. ?, pp. 1-23, 1950,
4. Schwartz, L., Theorie des Distribufions, Vol. 1 and 2, Hermann et Cie, Parls, 1951,

5. Muskhelishvili, N. 1., Singular Integral Equations, P. Noordhoff, Ltd., Groningen,
Nederiand, 1953.

6. Titchmarsh, E. C., Tha Theory of Functions, 2nd ed., Oxford University Press, London,
1939.

JPL. TECHNICAL REPORT NO. 32-6B6

23



